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rder Cahn-Hilliard-type Equations

Applications

@ Microstructure evolution specifically formation of defects within
microstructures.

@ Microemulsions capturing the dynamics of phase transitions in a
oil-water-surfactant mixtures with applications to designing drug delivery
systems.

Goal: Develop a Continuous Interior Penalty Method framework to solve these
Sixth-Order Phase Field Models.
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Defects in Crystalline Materials

Substitutional Interstitial

Vacancie
cies solute solute

(a)

Dislocation ' 5"“’5 Grain boundary

siip
plane

©

Defects control

@ electrical conductivity whether they
make efficient solar panels,

@ chemical reactivity
© tensile strength of a material

Goal: Control/predict the formation and
evolution of defects.
Approach:

@ Use phase field crystal equation as
our atomistic model.

@ Develop an accurate, efficient,
easy-to-compute numerical scheme.

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns



Phase Field Crystal Equation

Natasha S. Sharma (UTEP)

time =0

175 4

150 +

125 4

100 4

751

50 1

251

T
100 150

IP for Sixth-Order CH Eqns

200

1.20

100

0.80

0.60

0.40

0.20

0.00




Phase Field Crystal Equation

Two-phase system

time =0

175 4

150 +

125 4

100 4

751

50 1

251

T
o] 50 100 150

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns

200

1.20

100

0.80

0.60

0.40

0.20

0.00




Phase Field Crystal Equation

Two-phase system
©: number density of atoms in the material occupying £ with

time =0

200 1.20
175 1.00
150 4 0.80
125 o.60
0.40

100
0.20

75 A
0.00

50
0.20

25
0.40

0 T T T
[ 50 100 150 200

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns



Phase Field Crystal Equation

Two-phase system
©: number density of atoms in the material occupying £ with

¢ liquid phase characterized by a constant value of ¢

time =0

200 1.20
175 1.00
150 4 0.80
125 o.60
0.40

100
0.20

75 A
0.00

50
0.20

25
0.40

0 T T T
[ 50 100 150 200

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns



Phase Field Crystal Equation

Two-phase system
@: number density of atoms in the material occupying € with
¢ liquid phase characterized by a constant value of ¢

¢ solid phase characterized by a spatially varying periodic function ¢ that
inherits the symmetry and periodicity of the crystal lattice
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Phase Field Crystal Equation

Conservation Law:

9 _

@ M: mobility coefficient assumed to be constant

@ /1t = 6,E: chemical potential

4
° E(p) = fﬁ — Ve + 15202 + 1 (Ap)? dx
Q

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns 07/18/23



Phase Field Crystal Equation

Conservation Law:

dp
or =V (MVn)

@ M: mobility coefficient assumed to be constant

@ /1t = 6,E: chemical potential

4
o E(p) = f“i — Ve + 15202 + 1 (Ap)? dx
Q

Phase Field Crystal Equation (Elder et al. 2004)

9

A (MV(¢*+20¢p+ (1 —e)p+ A%) )  on Qx (0, T).

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns 07/18/23



PFC equation in the mixed form

dp B
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PFC equation in the mixed form

Compliment

dp B

O+ (1—e)p+20p+ A%p — =0,
with either periodic boundary conditions or natural boundary conditions
Onp = Op Dp = Opp =0,

and the initial value:
©(0) = ¢o.
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PFC equation in the mixed form

Compliment

dp B

O+ (1—e)p+20p+ A%p — =0,
with either periodic boundary conditions or natural boundary conditions
Onp = Op Dp = Opp =0,

and the initial value:
¢(0) = 0.
Notation:
e H*(Q) denote the Sobolev spaces of order s > 1,
o Z:={z€ H*(Q)|n-Vz=00n 00}
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Weak Formulation

Find (¢, ) such that

0 e L0, T;Z)NL%0, T; H3(Q)),
dep € L2(0, T; Hy ' (),
pe L2(0, T; HY(Q)),

and for almost all t € (0, T)
(Orp, V) + ( MV, V) =0 Vv e HY(Q)
(P + @ =) —2(Ve, V) + ale,v) = (mv) =0 VyeZ

with a(u, v) := f (V2u:V2v) dx,

Q
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Weak Formulation

Find (¢, ) such that

0 e L0, T;Z)NL%0, T; H3(Q)),
dep € L2(0, T; Hy ' (),
pe L2(0, T; HY(Q)),

and for almost all t € (0, T)
(Orp, V) + ( MV, V) =0 Vv e HY(Q)
(P + @ =) —2(Ve, V) + ale,v) = (mv) =0 VyeZ

with a(u, v) := f (V2u: V2v) dx, ©(0) = @o € H*(Q) such that ¢y satisfies

Q
the boundary conditions.
[Pawlow et al., 2013]
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Numerical Schemes: Challenges

Phase Field Crystal Equation

dp .

CH(l—e)p+20p+ A% —p=0 onQx(0,T).

@ Space discretization: Choose a suitable discretization for the higher order
term.
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Numerical Schemes: Some Existing Literature
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Numerical Schemes: Some Existing Literature

Phase Field Crystal Equation

dp _
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@ Finite Element Method for a Mixed form of three second-order equations:
Backofen, Ratz, and Voigt 2007
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Numerical Schemes: Some Existing Literature

Phase Field Crystal Equation

dp _

CH(1l—e)p+20p+ A% —p=0 onQx(0,T).

Finite Element Method for a Mixed form of three second-order equations:
Backofen, Ratz, and Voigt 2007

Finite Difference Method: Wise, Wang, and Lowengrub 2009; Dong, Feng,
Wang, Wise and Zhang, 2018

C! Finite Element Method: Gomez, Nogueira, 2012

Local Discontinuous Galerkin Method: Guo and Xu, 2016

Fourier-spectral Method: Li and Shen, 2020 (Scalar Auxiliary Variable
approach) Yang and Han, 2017 (Invariant Energy Quadratization)
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Numerical Schemes: Our Approach

@ Space discretization: Relax the Cl-continuity, use C%Interior Penalty Method

@ Time discretization: Use Eyre's convex splitting scheme known to be uniquely
solvable and unconditionally stable
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Spatial Discretization

e Q= U K,
K€
Assume this partition is geometrically-conforming and shape-regular.

. collection of all elements K
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Spatial Discretization

e Q= U K,
KeT,

Assume this partition is geometrically-conforming and shape-regular.
Tp: collection of all elements K

@ hk = diameter of triangle K, h = max hg
Ke,
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Spatial Discretization

e Q= U K,
KeT,

Assume this partition is geometrically-conforming and shape-regular.
Tp: collection of all elements K
@ hk = diameter of triangle K, h = max hg
KeJ,

@ & collection of all edges e wrt .,
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Classical C! Finite Element Method

Find (¢, 1) : [0, T] = Z x HY(Q) s.t. for almost all t € (0, T)

(Oro, V) + (MVu, V) =0 Vv e HY(Q)
(903+(1_€)807¢)_Q(V%Vw)+a(%1/’)_(ﬂﬂ/’):0 V¢€Z
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Classical C! Finite Element Method

Find (¢, 1) : [0, T] = Z x HY(Q) s.t. for almost all t € (0, T)

(Oro, V) + (MVu, V) =0 Vv e HY(Q)
(903+(1_€)907¢)_Q(V%Vw)+a(%1/’)_(ﬂﬂ/’):0 V¢€Z

Find finite dimensional subspaces:

V, c HY(Q), z, C Z,

(gOm/ih) : [0, T] — Zh X Vh:
(Oron, V) + (MVup, V) =0Vrv e V,
((n)® + (1= ) = 2(Tion, V) + 2o, ) — (. 0) =0V € Z,

holds for almost all t € (0, T).
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Our Approach: Relax C! continuity
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(O V) + (MVu, V) =0 Vve HY(Q)
(903+(1_€)807¢)_Q(V%Vw)+a(%1/’)_(ﬂﬂ/’):0 V¢€Z
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Vh C Hl(Q)a Zh gZ Za

Zy C HY(Q)
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Our Approach: Relax C! continuity

Find (¢, 1) : [0, T] = Z x HY(Q) s.t. for almost all t € (0, T)

(O V) + (MVu, V) =0 Vve HY(Q)
(903+(1_€)907¢)_Q(V%Vw)+a(%1/’)_(ﬂﬂ/’):0 V¢€Z

Find finite dimensional subspaces:

Vh C Hl(Q)a Zh gZ Za

Zy C HY(Q)
(on,pen) 1 [0, T] = Z x Vi
(Oepn, V) + (MV iy, Vi) =0,
((n)® + (1 = om0 = 2(Ton, V) + 3 (20, ) = (1, ) = O

Yv € Vj, v € Zj, holds for almost all ¢t € (0, T).
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Spatial Discretization using C°-IP Method

Vi = {v € C(Q)| v|x € PL(K) VK € i}
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Spatial Discretization using C°-IP Method

Vi = {v € C(Q)| v|x € PL(K) VK € i}

Zy:={v e C(Q)| v|k € P(K) VK € T},
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Spatial Discretization using C°-IP Method

Vi = {v € C(Q)| v|x € PL(K) VK € i}

Zy:={v e C(Q)| v|k € P(K) VK € T},

Ry : HY(Q) — V4 is a Ritz projection operator such that

(V(Rhu—ﬂ),v5):0 V&€ Vp, (th,—/.l,,l)zo.
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Spatial Discretization using C°-IP Method

Vi = {v € C(Q)| v|x € PL(K) VK € i}

Zy:={v e C(Q)| v|k € P(K) VK € T},

Ry : HY(Q) — V4 is a Ritz projection operator such that
(V(Rhu_/u’)7v§):0 v§6 Vhy (Rhﬂ_lj’71):0

Py : Z — Z is a Ritz projection operator such that

ay (Prp—0,8)+(1—€)(Php—9,6) =0 YEE€2Zy, (Pop—¢,1)=0.
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Spatial Discretization using C°-IP Method

alP . Z, x Zy — R according to
1P (e in) - / V26, : V20, dx + J(En Bn)s Entn € Zh
KET,
where

Senn)i= X [ (1ne: Vel fne- 2bmnele + (ne- P2eanele [ne- Trle) ds

eEcs)

+ Z /— [Ne - V&hle [ne - Vibrle ds,  &n,n € Za

ecéy

and a > 0 is a penalty parameter.
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Boundedness of alf (-, )

Lemma (Boundedness of alf (-, "))

There exists positive constants Ceone and Ceoer Such that for choices of the penalty
parameter o large enough we have

QLP (Wh, Vi) < Ceont ||Wh||2,h ||Vh||2,h ¥ Wh, vh € Zp,

Caar ||WhH§,h < a;;P (Wh7 Wh) YV wy € Zhv

where the constants Ceon: and Ceoer depend only on the shape regularity of .

where the CO-IP Norm is:

a3 =D [€nlEngy + D allhe *Ine - VEénle [IF2(e)-

Ke ., ecéy
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Time Discretization

We introduce a partition of (0,T)
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Time Discretization

We introduce a partition of (0,T)

0 t: t2 tm-1 T

into M sub-intervals (tym—1, tm):

tm=tm_1+7, for 1< m<M
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Time Discretization

We introduce a partition of (0,T)

0 t: t2 tm-1 T
into M sub-intervals (tym—1, tm):
tm=tm_1+7, for 1< m<M

Notation: ™ approximate ¢ at time tp,.

Numerical time derivative w.r.t. 7:

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns
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Convex Time Splitting Scheme

@ Basic ldea:

p=0,E(p) =0,(E*(¢)+E(¢))

convex concave

= 1" = (") + (1 - €)™ + A%p" + 20"
——
S, E* (™) S,E=(pm1)

4
where E(p) = f(4 + 156902 + % (Agp)2 — |Vp]?) dx.
Q
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Convex Time Splitting Scheme

@ Basic ldea:

p=0,E(p) =0,(E*(¢)+E(¢))

convex concave

= 1" = (") + (1 - €)™ + A%p" + 20"
——
5, (o) )

4
where E(p) = L/j(f1 + 156902 + % (At,p)2 — |Vp]?) dx.
Q

Given ¢, find (o™, u™) for 1 < m < M by
6r™ =V - (MVpu") =0,
(™) + (1= )™ + A2p™ + 2Ap™ 1 — i = 0,
with boundary conditions

O™ = 0, AQ™ = O™ = 0.
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Fully Discrete C%-IP Method

Given cph”'_l € Zy, find of, up' € Zy x Vi, such that for all vy € Vi, ¥y € Z, it
holds

(600 vp) + (MVul, Vi) =0
(R + (1 =o' ) + alf (o 0) =2 (V™" Vi) — (ufln) = O,

where ©9 := Pppo and ud € Vi, is defined as 19 := Ryuo.

The scheme satisfies the discrete conservation property

(o7 1) = (#h, 1) = (o, 1) forany 1 < m < M.
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Properties of Scheme

@ Unique Solvability:

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns



Properties of Scheme
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Properties of Scheme

@ Unique Solvability:
Relies on Convexity arguments.
@ Unconditional Stability:

1 1
Fleh) = ||90 I+ == llefl2 — Ve ||L2+2a I
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Properties of Scheme

@ Unique Solvability:
Relies on Convexity arguments.

@ Unconditional Stability:

1 , 1
Flep) = IIsoh I3+ = Ml l2 — IVeRliz + 532” (eh' k)

Direct consequence of the convex decomposition of the energy.
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Properties of Scheme

@ Unique Solvability:
Relies on Convexity arguments.
@ Unconditional Stability:

1 , 1
Flep) = IIsoh I3+ = Ml l2 — IVeRliz + 532” (eh' k)

Direct consequence of the convex decomposition of the energy.

© Optimal error estimates:
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Properties of Scheme

@ Unique Solvability:
Relies on Convexity arguments.
@ Unconditional Stability:

1 , 1
Flep) = IIsoh I3+ = Ml l2 — IVeRliz + 532” (eh' k)

Direct consequence of the convex decomposition of the energy.

© Optimal error estimates: Main Result!
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Unconditional Unique Solvability

Define the functional Gy, : Z, — R

m—1 2

$h — Pp
T

T 1 1 .4
3 + Say (on, on) + 2 198+ Polls(e)

Gh(pn) == o

1—6 — 12 —
+ T ||50h + <100||L2(Q) =2 (V@hm 17v¢h) 5

where
”Vh”—l,h b (VTth, VTth)1/2 = (Vh,—l_hvh)l/2 = (Thvh, Vh)l/Q,
with Tp, : Z, — Zp, defined as: given (p € Z, find Thih € Zp:

(VThCh, Vxn) = (Chy Xn) Y xh € Zp.
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Unconditional Unique Solvability

The fully discrete C°-IP scheme is uniquely solvable for any mesh parameters: T
and h and for any € < 1.
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Unconditional Unique Solvability

The fully discrete C°-IP scheme is uniquely solvable for any mesh parameters: T
and h and for any € < 1.
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Unconditional Unique Solvability

The fully discrete C°-IP scheme is uniquely solvable for any mesh parameters: T
and h and for any € < 1.

Proof.

@ Shown through the zero mean formulation corresponding to our scheme
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Unconditional Unique Solvability

The fully discrete C°-IP scheme is uniquely solvable for any mesh parameters: T
and h and for any € < 1.

Proof.

@ Shown through the zero mean formulation corresponding to our scheme

@ Prove the one-to-one correspondence between solution of our scheme with
the solution to the zero mean formulation
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Unconditional Unique Solvability

The fully discrete C°-IP scheme is uniquely solvable for any mesh parameters: T
and h and for any € < 1.

Proof.

@ Shown through the zero mean formulation corresponding to our scheme

@ Prove the one-to-one correspondence between solution of our scheme with
the solution to the zero mean formulation

© Existence of the unique solution to the zero mean formulation proved
through existence of a minimizer for a functional Gj.
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Unconditional Stability

Lemma (Discrete Energy Law)

Let (o, ") € Z, x Vi, be a solution of the C°-IP method. Then the following
energy law holds for any h,7 > 0:

F(eh) +7 i HMl/QV,uh’"
m=1

2
2(Q)

¢
(1-¢) 2 2
+7? Z{ 5 16708 12(0) + V2R 120

m=1
1 2 1 1
+ 2 10Vl o) + 5 lf 8707 I 20y + 53#3 (6-0k's 07 08") }

=F(gp), 1<EL<M.
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Uniform a priori estimates

Lemma

Let (o, u") € Zy, x Vj, be the unique solution of C°-IP scheme. Suppose that
F(#9) < C independent of h and e < % < 1. For any h,7 > 0:

2 2 2
I [ e o e A e

m 2
<cC
omax, [lof i <

4
r 3|
m=1

2

L2(Q)

m=1

14
m m m 2 m
7 Z{ IVéroh ||i2(s2) + ||(</7h )257(8011 )2||Lz(9) + l|6-¢h ||§h } <C

for some constant C that is independent of h,T, and T.
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Error Estimates

Assume additional regularites:

@ € L> (0, T; H*(Q)) N L*(0, T; H¥(Q)),
dep € L2(0, T; H3(Q)) N L2(0, T; Hy ' (),
dup € L2(0, T; L2(Q)) ,

pe L0, T; H*(Q))
e € L2(0, T; L2(Q))

P I I

Co%IP Norm:

1
I€nl5n =D |&nlZeiny + D allhe *[ne - VEnle 172

KeT, eESE)

Notation:

Assumption: M =1.
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Error Analysis: Error Equation

Weak Form:
(Or™, V) + (V™ Vi) =0 Vv € HY(Q) (1)
(™) + (1= ™, ¥) = 2(Ve™, Vo) + ale™, ) — (u™, 1) =0V € Z
(2)
Fully Discrete C°-IP Form:
(6o, v) + (Y, Vv) = 0 Vo € V, 3)
() + (1 = )y, w) = 2(Vo ™, V) + aif (1, 0) = () = O,V € Z,
(4)
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Error Analysis: Error Equation

Weak Form:
(Or™, V) + (V™ Vi) =0 Vv € HY(Q) (1)
(™) + (1= ™, ¥) = 2(Ve™, Vo) + ale™, ) — (u™, 1) =0V € Z
(2)
Fully Discrete C°-IP Form:
(6o, v) + (Y, Vv) = 0 Vo € V, 3)
() + (1 = )y, w) = 2(Vo ™, V) + aif (1, 0) = () = O,V € Z,
(4)

o (1) and (3) = (6,-e¥™ vp) + (Ve Vup) = (6-0™ — O™, V1),
v, e V), C HI(Q).
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Error Analysis: Error Equation

Weak Form:
(Or™, V) + (V™ Vi) =0 Vv € HY(Q) (1)
(™) + (1= ™, ¥) = 2(Ve™, Vo) + ale™, ) — (u™, 1) =0V € Z
(2)
Fully Discrete C°-IP Form:
(6o, v) + (Y, Vv) = 0 Vo € V, 3)
() + (1 = )y, w) = 2(Vo ™, V) + aif (1, 0) = () = O,V € Z,
(4)

o (1) and (3) = (6,-e¥™ vp) + (Ve Vup) = (6-0™ — O™, V1),
v, e V), C HI(Q).

@ Error equation based on (2) and (4) is not well-defined since Z, ¢ Z!
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Error Analysis: Error Equation

Weak Form:
(™) + (1= )p™ w) = 2(Ve™, Vo) + a(9™, 6) — (", ) =0 V¢ € Z,
Fully Discrete C°-IP Form:

((soh’")3 +(1- 6)@2"##) —2(Vel L Vo) +ayl (e ¥) — (u ) =0,y € Z,
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Error Analysis: Error Equation

Weak Form:
(™) + (1= )p™ w) = 2(Ve™, Vo) + a(9™, 6) — (", ) =0 V¢ € Z,
Fully Discrete C°-IP Form:

((soh’")3 +(1- 6)@2"##) —2(Vel L Vo) +ayl (e ¥) — (u ) =0,y € Z,

(4™ = (@) + (1~ 9=, 5) = 2(TePm, 95) a6, ) — alf (7. 0)
- (e”’mﬂﬂ) =0
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Error Analysis: Error Equation

Weak Form:
(™) + (1= )p™ w) = 2(Ve™, Vo) + a(9™, 6) — (", ) =0 V¢ € Z,
Fully Discrete C°-IP Form:

((soh’")3 +(1- 6)@2"##) —2(Vel L Vo) +ayl (e ¥) — (u ) =0,y € Z,

(4™ = (@) + (1~ 9=, 5) = 2(TePm, 95) a6, ) — alf (7. 0)
- (e”’mﬂﬂ) =0

Problem: 1 € Z is not in H?>t1/2 locally! ¢ € Zj is not in H? globally!
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Error Analysis: Error Equation

Weak Form:
(™) + (1= )p™ w) = 2(Ve™, Vo) + a(9™, 6) — (", ) =0 V¢ € Z,
Fully Discrete C°-IP Form:

((soh’")3 +(1- 6)@2"##) —2(Vel L Vo) +ayl (e ¥) — (u ) =0,y € Z,

(4™ = (@) + (1~ 9=, 5) = 2(TePm, 95) a6, ) — alf (7. 0)
- (e”’mﬂﬂ) =0

Problem: 1 € Z is not in H?>t1/2 locally! ¢ € Zj is not in H? globally!
Remedy: Lift 1) € Zj, into a finite dimensional subspace of Z.
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Error Analysis

@ Remedy: Introduce W}, C Z to be the Hsieh-Clough-Tocher micro finite
element space associated with .7},.
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Error Analysis

@ Remedy: Introduce W}, C Z to be the Hsieh-Clough-Tocher micro finite
element space associated with .7},.

@ Define the enriching operator E, : Z, — W), N Z [Brenner, Gudi, Sung '12]
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Error Analysis

@ Remedy: Introduce W}, C Z to be the Hsieh-Clough-Tocher micro finite
element space associated with .7},.

@ Define the enriching operator E, : Z, — W), N Z [Brenner, Gudi, Sung '12]
e Weak Form with correction term: find (o™, u™) € Z x HY(Q):
(O™, vn) + (V™ Vup) =0 VYV, € Vy,
A (™) + (™) + (L= )™ ) = 2(Ve™, Vi) = (4™, 1)
= L(o", W Yn — Entdp) V Yy € Zy

where

L(™, 1™ bn — Enthn) := ay (@™, n — Enthn) — (W™, 1bn — Enthn)
+ ((©™) + (1 — €)™, ¥n — Enthn) — 2(V™, Vb — VEptp) .
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Error Analysis

@ Remedy: Introduce W}, C Z to be the Hsieh-Clough-Tocher micro finite
element space associated with .7},.

@ Define the enriching operator E, : Z, — W), N Z [Brenner, Gudi, Sung '12]
e Weak Form with correction term: find (o™, u™) € Z x HY(Q):
(O™, vn) + (V™ Vup) =0 VYV, € Vy,
A (™) + (™) + (L= )™ ) = 2(Ve™, Vi) = (4™, 1)
= L(™, 1" Y0 — Entn) V Yy € Zy

where
L(™, 1™ bn — Enthn) := ay (@™, n — Enthn) — (W™, 1bn — Enthn)
+ ((©™) + (1 — €)™, ¥n — Enthn) — 2(V™, Vb — VEptp) .

e Solutions to weak form are consistent since alf (o, Epi)) = a(ip, Enyp) for all
1/) € Zy.
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Error Equation

Subtracting fully discrete form from the weak form with the correction term gives:

(0,2 vp) + (Ve V) = (6,07 — 0r™, v) (5)

i (€2 hn) + (1= €)e? ™, 4hy) — 2 (Ve ™1 V) — (e, 4hy) =
- ((somf — (@R n) =2 (V™ t = V™, Vhn) + L(p™, 1 Uy — Enn).
(6)

Notation:

m _ p,m sm ‘pam —— m m QO,I”I‘I . m m
e?M=ef M+ e, ef™ =" — Phe™, e,, = Pae™ — ¢y,

m __ M m,m #m m m _ m
e =ep™ + ey, e = p" — Rpp™, €)™ = Rop™ — .
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Error Equation

Subtracting fully discrete form from the weak form with the correction term gives:

(0,2 vp) + (Ve V) = (6,07 — 0r™, v) (5)

i (€2 hn) + (1= €)e? ™, 4hy) — 2 (Ve ™1 V) — (e, 4hy) =
- ((somf — (@R n) =2 (V™ t = V™, Vhn) + L(p™, 1 Uy — Enn).
(6)

Notation:

m _ p,m sm ‘pam —— m m QO,I”I‘I . m m
e?M=ef M+ e, ef™ =" — Phe™, e,, = Pae™ — ¢y,

m __ M m,m #m m m _ m
e =ep™ + ey, e = p" — Rpp™, €)™ = Rop™ — .

Set vy = €™ in (5) and ¢ = 6,€,™ in (6).
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Error Equation

VeI, + 2 (e ™0, ™) + (1~ e ™, 5,ef™) — 2 (Ve ™, Ve ")
= (0:0™ = 0™, ey"") — (0,65, &™) + (eg, 6- ™)
+2/(Ve™ = V"L, Voref ™) — (") = (o) bref )

+2 (Vef’mila Ve, ’m> + L(o™, ' Yn — Enton)
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Error Analysis

Lemma

Let (o™, u™) be a weak solution with the additional regularities. Then for any
h,7 >0 and any 0 < m < M, we have

Cch> [t

T

t,
Jocs(s)Is ds+ Cr [

tm—

2 2
165 ™12 < 41IVer ™[l +

tm—

where the constant C may depend upon a Poincaré constant but does not depend
on horr.

150 (3)[|2: ds
1

v

where th||71’h = (VTth, VTth)l/2 = (Vh, Tth)1/2 = (Thvh, Vh)l/2 and Th is the
discrete inverse Laplacian.
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Error Analysis: LHS

Vel + o (e ™ 0ref ™) + (1 = )ef ™, dref™) —2 (Ve ™, Vo, ef™)
= (09" — 0™, ey"") — (0rep"™, &™) + (eg™, 0, ™)
+2(V" = Ve Vo,ep ™) = ((¢7) — (oF) dref™)

+2(Vef™ Voref ™) + L™ ugls vn — Entn)

Polarization Property:

1
N (ef ey, oref ):*573”3(‘9;7’ ef " )+§ah (6-e0™, 0ref™)

ay
1-— m 1—e¢ m
O ez + Lo s, e,

(1 ef™. b,ef™) =
2 (Veh’m_l,VéTeh’m) - THV(S-,-eh’ 2, — 6. (Veh’ ,VeP™)

07/18/23
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Error Analysis: First 3 RHS terms

tm
(6™ — D™, )<CT/ Busp(s) 2 ds + 2 [ Vet
tm

2 1 2
(665", ey™") < Cllo-ep"|| 2 t 5 ||Ve”’m\|Lz

2
< & [ 1P00eAs) - dupte)l s+ 35 196
2
<& 7 10s0te) ~ P2 s + o5 Vel
T tm—1
m ,m ,my 2
(et 6:€5 ™) < C Ve[ + 55 157¢F I 1
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Error Analysis: next two RHS terms

2 (V™ — V™1 Vi, ef) = —2(TA8-¢™, 5-e™)
< 2| TVAs "2 1o-ef |y

t,
" 2 1 my 2
<cr [ 106l ds+ g e ™I
tm—1

(™ = () aref™) < |7 (™) = (e5)?)
= [3tem? v 3(e5) vy

X [l .

2

[2

=3/(e™ + o) Vmer ™ + () Ve

[2
x |07 e[|y
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Error Analysis: next two RHS terms

(o™ = (o) o)

<3 (Ile™ + e lis 1V o €2 ™ + i s 1962 )
X 6:ef ™y
< C(IVeE ™l + V€™ 2 + l1eE 1, + llef ™ .4
X [16-e£™ |y

< C IVl + 7€l + l1eE ™l + llef ™™ .5

< [16-ef ™y,

2 2 1 2
< C ||eP7mH2,h + C ||eh 7m||2’h + % ”(STeh ’m||71,h .
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Error Analysis: second last term

Using discrete product rule:

pm — bmfl 1 am — amfl
m—1 —— m pmy _ m—1 bmfl - pm
() = damem - e ) - (T
=4, (8", b™) — (6-a",b™),
we have the following bound
2(Vep™ ™, Vo ™) = 25, (Vep™, Vef™™) — 2 (Viref ™, Ve ™)

2 2
<20, (Vep™,Vey™) + Clloref ™|l 12 + Clley ™Il

m m C tm
<26, (Vg™ Vep™) + & / 1050(5) — Padap()I12., ds
tm—1

m—

2
+Clle -
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Error Analysis: last term

Lemma

Suppose (™, u™) is a weak solution to the PFC equation, with the additional
regularities. Then for any h,7 > 0 and any 0 < m < M and any 3 > 0,

af (o, ™ — Enef ™) + (™) + (1= )™, ef ™ — Enef™")
—2(Ve™, V('™ — Enel*™)) — (u™, ™ — Enef™™) < C [Os;(u™)]* +

C
C ||eg,m||§7h + coer

48

2
leg ™2,

and

aLP (67@"7, e;lp,m—l _ Ehel:p,m—l) + ((5-,— <(<Pm)3 + (1 _ 6)@’”) ’ef,m—l _ Ehelf,m—l)

—2 (5Twm, v (e;f""‘l - E,,e;f""‘l)) - (5Tuf", o™l Ehe;f""‘l)

< COsgi(pue(t ) + Clleg™ 3.
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2 1 T
Vel ™7, + 557 alf (e &™) + ~alf (6.e0™, 5, ef™)

2
(1—¢) my2 (1-9or 2 2
~ Vs e, + LI 6 e 7 R, + 1 0 e

m m m m 6 m 2 my 2
< 0. (Ve Vel ™) 4+ 20, (Vep™, Ve )+E Ve, ™[Ij2 + Clley Hz,h

+

m— 2 m) 2 my 2 *
+C et + CUITel™I + ClleE ™3, + € [0sci(ue(£ )]

tm C tm
+Cr / [10:0() s + 19 () 72| ds + = / [0s0(5) — Padsp(s)l;. ds
tm—1 tm—1

+ 673l (9™, e — Enef™) + 0r (™) + (1= )¢, e — Enef™")
—20- (Vo™ V (el — Enef™)) — 6, (1™, 0™ — Enel™™).
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¢
Applying 27 3", using the fact that ef"® = 0 we obtain
e

2
e’ffHL -I—TZ Vel

alf (e,‘f[ e,ff)—l-(l—e

¢
+72 3 (o (6ref ™ 6,60 ™) + (1= €) 0ref ™17, + 2| Vref ]
m=1
¢
Ccoer l 2 86 0 2 my 2
< Py P k]
- 2B h H2,h + Ccoer eh H * ¢ H H2,h + CT’; Heh H2,h
‘ 2 2
m m * 2
+Cr > [IVels ™Il + 1™, + [0sci (el )T
m=1
. 2 2 g 2
02 [ 1000 + 10se@)2] 054 € [ losels) — Prdse(o)E s
to to
C 2
) z coer ol
w2[closg] + ¢l + S er, )

07/18/23
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Error Estimates: Main Result

Theorem

Suppose (™, ™) is a weak solution to the weak form of the PFC equation, with
the additional regularities. Then for any 7,h > 0,¢e < QC%;IG < 1 and any
0<7T<M,

;
He“"eH + C He%e‘r + CTZ Ve 7m||2 +
b o ho |l ho g2

CTZZ[

where C* may depend on the oscillations of i1 and O and the final stopping time
T but does not depend upon the spacial step size h or the time step size T.

£, + (= Noref ™I+ VeI | < € (12 +72)

y
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Our Numerical Scheme
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Our Numerical Scheme

e Project ¢9 := Ppipo
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Our Numerical Scheme

e Project ¢9 := Ppipo
o Given o't € Z,, solve for (o', ") € Zy x Vip: Given o'~ € Z, find
o, 1wt € Zp x Vy such that for all vy, € Vi, ¢y, € Zj, it holds

(607, vp) + (MY, Vi) =0
(G o (1 )Rt o) + 2l (o o) = 2 (Vo™ Vi) = (gl ) = O,

where ©9 := Pppo and (19 € V4 is defined as 1 := Ry puo.
model parameters: ¢ = 0.025 and M = 1, penalty parameter: a = 20.
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Our Numerical Scheme

e Project ¢9 := Ppipo
o Given o't € Z,, solve for (o', ") € Zy x Vip: Given o'~ € Z, find
o, 1wt € Zp x Vy such that for all vy, € Vi, ¢y, € Zj, it holds

(607, vp) + (MY, Vi) =0
(G o (1 )Rt o) + 2l (o o) = 2 (Vo™ Vi) = (gl ) = O,

where ©9 := Pppo and (19 € V4 is defined as 1 := Ry puo.
model parameters: ¢ = 0.025 and M = 1, penalty parameter: a = 20.

@ We use Newton iteration method to solve the discrete nonlinear system with
tolerance of the Newton iteration is set to 107°.
The initial guess at each time step is taken as the numerical solution at the
previous time level.
One to three Newton’s iterative steps are involved at each time step.
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Numerical Experiment |: Accuracy Test

Example (Hu, Wise, Wang, Lowengrub, 2009 )

32 32

+0.02 cos? (W) o2 (M)

. 4rx\ . 47(y — 6)
0.01sin ( 0 >S|n < D >

Q =(0,32) x (0,32), T = 10.
1, e = 0.025, and the penalty parameter a = 20.

@o(x,y) = 0.07 — 0.02 cos <27T(X — 12)> sin (2”()’ - 1))
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Numerical Experiment |: Accuracy Test

1
1€nl5n =D I&nlZeiy + D allhe *[ne - VEnle I72e)-

Ke g, ecéy

Mesh h = 32/512 with 7 with 7 = 0.05h and T = 10 as the ‘exact’ solution, @exact-

error, = QOp — Pexact

where ¢, indicates the solution on the mesh size h.

h ||error, ||, , rate llerror, || rate
32/g 0.08412 N/A 0.00522 N/A
32/16 0.05896 | 0.71329 | 0.00242 | 1.07627
32/33 0.03466 | 0.85058 | 0.00157 | 0.76970
32/64 0.01568 | 1.10514 | 0.00103 | 0.76082
32/128 | 0.00601 | 1.30482 | 0.00041 | 1.25840
32/256 0.00255 1.17707 0.00016 1.27362
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Numerical Experiment |: Unconditional Stability

+2.646

000075
— dt=10h
2670 dt=sh
— dt=h
000070
2665
>
o
g 0.00065
&
F 2.660
°
2
3
S 2.655 0.00060
&
2650 0.00055
2645
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Figure: Unconditional stability demonstrated through the time evolution of the scaled
total energy F/32? for time step sizes dt = 10h, 5h, h with the spacial step size h = 32/2s6.
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Numerical Experiment Il: Crystal growth

Example (Gomez, Nogueira, 2012)

wo(x,y) =@+ C{cos (%y) cos(gx) — 0.5 cos <%y> }

where @ = 0.285, C = 0.466, g = 0.66, Q = (0,201) x (0,201), h = 201/a02.

time = 0
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1504 0.80
1254 0.60
0.40
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0.20

75
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50
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25
-0.40
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Motion of liquid-crystal interfaces and grain boundaries

0 time = 10 time = 500

120 200 120 200 120
s 100 s 100 s 100
150 080 150 080 150 080
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Phase Field Model for Microemulsions: Motivation

No surfactants ” —)‘ ‘ —) } ' |

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns 07/18/23



Phase Field Model for Microemulsions: Motivation
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No surfactants
Water
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water
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‘Water
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water water
Surfactant i Surfactant 3 -
-~ il K = oil
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q .t o é " ey
mix -~ ey Can be stable - -1
»
c . 2 foryears ‘i
S———— e

[Picture Courtesy: Biolin Scientific]
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Motivation: Microemulsion systems as skin drug delivery

systems

uAx STRENGTH

A spercrem&

i RELIEF CREAM

NUMBS
AWAY PAIN

FAST ACTING

TARGETS NERVES
NON-GREASY
FORMULA
P
FRAGRANCE-FREE i
Among 0T gl asescs.

“Amang OTC
NETWT 2.7 02 (765 )

[Source: Walgreens]
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Motivation: Microemulsion systems as skin drug delivery

systems

o Issue: Topical cream formulations contain
",;uf.voﬂf

eme. petrochemical ingredients (such as petrolatum,
Aspefcr silicones).

i RELIEF CREAM

NUMBS
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FAST ACTING

TARGETS NERVES
NON-GREASY
FORMULA
)
FRAGRANCE-FREE i
Among 0T gl asescs.

“Anang TG
NETWT 2702 (765 0)

[Source: Walgreens]
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Motivation: Microemulsion systems as skin drug delivery

systems

Asﬁércrem&
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DOCAINE)
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NUMBS
AWAY PAIN

FAST ACTING
TARGETS NERVES
NON-GREASY
FORMULA

(crean{
FRAGRANCE-FREE

“Anang TG
NETWT 2702 (765 0)

[Source: Walgreens]
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o Issue: Topical cream formulations contain
petrochemical ingredients (such as petrolatum,
silicones).

@ Goal: Develop skin drug delivery systems that
contain natural and renewable sourced alternatives
to these ingredients without compromising on the
functionality.
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Motivation: Microemulsion systems as skin drug delivery

systems

A si;ércremew

Mm,‘ RELIEF CREAM

W\

DOCAINE|
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NUMBS
AWAY PAIN

FAST ACTING
TARGETS NERVES
NON-GREASY
FORMULA

(crean{
FRAGRANCE-FREE

“Amang OTC
NETWT 2.7 02 (765 )

[Source: Walgreens]
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o Issue: Topical cream formulations contain
petrochemical ingredients (such as petrolatum,
silicones).

@ Goal: Develop skin drug delivery systems that
contain natural and renewable sourced alternatives
to these ingredients without compromising on the
functionality.

@ Approach: Provide computational tools to predict
and assess the properties of novel and more
sustainable alternatives to the toxic ingredients.

[Source: The Nabi Laboratory of Bioengineered
Therapeutics,UTEP]
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Mathematical Model for Microemulsions

@ © C R? be a bounded polygonal domain occupied by the ternary mixture.
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Mathematical Model for Microemulsions

@ © C R? be a bounded polygonal domain occupied by the ternary mixture.

@  : the scalar order parameter indicating the local difference between oil and
water concentrations.

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns 07/18/23



Mathematical Model for Microemulsions

@ © C R? be a bounded polygonal domain occupied by the ternary mixture.

@  : the scalar order parameter indicating the local difference between oil and
water concentrations.

@ ¢ = —1 (water phase), ¢ =1 (oil phase) and
¢ = 0 (microemulsions phase)
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Mathematical Model for Microemulsions

@ © C R? be a bounded polygonal domain occupied by the ternary mixture.

@  : the scalar order parameter indicating the local difference between oil and
water concentrations.

@ ¢ = —1 (water phase), ¢ =1 (oil phase) and
© = 0 (microemulsions phase)

o E(p) : (Ginzburg-Landau free energy)

/{W;QO)IW’P + ;(Aw)Z} dx + g /(so +1)%(9* +0.5)(p — 1)? dx
Q Q

tendency to mix tendency to separate

[Gompper et. al. 90]
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Mathematical Model for Microemulsions

Conservation Law:
Op+V-j=0
@ ¢ : the scalar order parameter

@ j=—MVpu: mass flux
o M: mobility coefficient, u = d,E: chemical potential

£ = [ {E 720t + S0 + o+ 07 + 050~ 17 0
Q
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Mathematical Model for Microemulsions

Conservation Law:
Op+V-j=0
@ ¢ : the scalar order parameter

@ j=—MVpu: mass flux
o M: mobility coefficient, u = d,E: chemical potential

£ = [ {E 720t + S0 + o+ 07 + 050~ 17 0
Q

1 =3B(¢° — ¢*) + ¢|Ve|* = V- (¢*V) + a0 Ap + AAZp.
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Mathematical Model for Microemulsions

Conservation Law:
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@ ¢ : the scalar order parameter

@ j=—MVpu: mass flux
o M: mobility coefficient, u = d,E: chemical potential
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Mathematical Model for Microemulsions

Conservation Law:
Op+V-j=0
@ ¢ : the scalar order parameter

@ j=—MVpu: mass flux
o M: mobility coefficient, u = d,E: chemical potential

£ = [ {E 720t + S0 + o+ 07 + 050~ 17 0
Q

1 =3B(¢° — ¢*) + ¢|Ve|* = V- (¢*V) + a0 Ap + AAZp.

Bup — MA(38(6° — %) + 9l Vel = V- ((¢* — 4)V%) + AA%p) = 0.
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Mathematical Model for Microemulsions

Compliment

%—V-(MVu)zo, in Q7 :=Qx (0, T),

38(0° — @)+ @|Ve> = V- ((¢* — 20)Vp) + AMA2p —p=0, inQT

with natural boundary conditions
Onp = A0y Ap = 0pp=0, on 0T

and the initial value:

©(0) = 0.
Notation:
e H*(Q) denote the Sobolev spaces of order s > 1,
o Z:={z€ H*RQ) | d,z=0o0n 9Q}. [Pawlow et al., 2011]
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Numerical Schemes: Existing Literature

@ Hoppe/Linsemnann 2019: Fully implicit backward Euler and C°-IP Method
quasi-optimal error estimates without any discrete energy law
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Numerical Schemes: Existing Literature

@ Hoppe/Linsemnann 2019: Fully implicit backward Euler and C°-IP Method
quasi-optimal error estimates without any discrete energy law

@ Diegel/Sharma 2022: Closely related literature is the C%-IP framework
developed for the Phase Field Crystal Equation based on Eyre’s convex
splitting scheme.
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Fully Discrete Scheme

Given o't € Zy, find (o, ui") € Zj, x Vi which satisfies

6k vn) + (MY, Vup) =0, ¥V vy €V

38 ((0f)° — (™2, %) + ((0f)Vep, Vibn) + (R IVer 2, 1n)
—a0 (Vo t, Vypn) + Xagl (o, vn) — (pisn) =0 ¥V oy € Z,

with initial data taken to be ©9 := Pypq.

Natasha S. Sharma (UTEP) CO-IP for Sixth-Order CH Eqns 07/18/23



Existence of a solution

3B|%ol* Cp1
2Ccoer ) .
depend upon h or 7. Then, there exists a solution (@], ui') € Zy X Vj to the

scheme.

Let A > , where Cp 1 depends upon a Poincaré constant but does not
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Unconditional Energy Stability

plal |

B
Fo) = Dol — 2 oty + 222

do 2 A
5 IIWsoIILz = S Vel + Sai (9. 0).

Theorem (Discrete Energy Law)

Let (o], uf") € Zy x Vi, be a solution. Then the following energy law holds for
any h,t > 0:

F (#}) —I—TZE: H\/MV/J;,"’H; < F(4),

foralll1 < /¢ < M.
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Uniform A Priori Estimates

Theorem

Let (o, ") € Zp x Vi, be the C° IP approximation. Suppose that F(9) < C

38]@ol*Cp1 a0 Cpyo
: : 0 wh C C
Wy | G ) R SRS

are Poincaré constants and do not depend on h or 7. Then the following estimates
hold for any T, h > 0O:

independent of h and that A\ > max

m 2
<cC
omax lleillz <

2 2 2 2
0Lme [”@Z’llu + VRl + llek Ver'lli= + HW'THL‘”} =¢
<m<M

3 [vArw]], <
m=1

for some constants C*, C that is independent of h,T, and T.
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Unique Solvability

Theorem

Let ‘th_l € Zy be given and

36l@ol*Cp1 a0 Cp2 C*Cpg

)\>max{

where C* is the constant fro

Poincaré constants and do not depend on h or 7.
The solution to the fully discrete scheme is unique for all h, > 0.

) ) >0,
2Ceoer Ceoer = 2Ceoer }

m uniform a priori bounds and Cp 1, Cp», Cp 3 are all
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Our Numerical Scheme

e Project ¢9 := Phipo
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Our Numerical Scheme

e Project ¢9 := Phipo
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Our Numerical Scheme

e Project ¢9 := Phipo
o Given <ph’"_1 € Z, solve for (o', uf') € Z x Vy:

(0r0f vn) + (MV g, Vi) =0, Vo ovpeV,

38 ((em)® = (e )2 vn) + ((00)2V e, Vibn) + (e |V, n)
—ao (Vo t Vn) + Xay (@ vn) — (i, ¥n) =0 YV 4y € Zp,

model parameters: ag = 4 and § = 5, penalty parameter: o = 8.
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Our Numerical Scheme

e Project ¢9 := Phipo
o Given <ph’"_1 € Z, solve for (o', uf') € Z x Vy:

(0r0f vn) + (MV g, Vi) =0, Vo ovpeV,

38 ((em)® = (e )2 vn) + ((00)2V e, Vibn) + (e |V, n)
—ao (Vo t Vn) + Xay (@ vn) — (i, ¥n) =0 YV 4y € Zp,

model parameters: ag = 4 and § = 5, penalty parameter: o = 8.

@ We use Newton iteration method to solve the discrete nonlinear system with
tolerance of the Newton iteration is set to 107°.
The initial guess at each time step is taken as the numerical solution at the
previous time level.
One to three Newton's iterative steps are involved at each time step.
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Numerical Experiment |: Accuracy Test

Example

@o(x,y) = 0.3 cos (3x) + 0.5cos (y)
Q=[0,27]2, T =0.4.
M=10"3 =1
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Numerical Experiment |: First Order Convergence

@ os6: “exact” solution

N | |6 — onll2.n rate llo2s6 — w12 rate
8 6.1911 - 0.2625 -
16 1.9293 1.6045 0.0624 2.1039
32 0.5601 1.7221 0.0151 2.0685
64 0.1599 1.7516 0.0035 2.1336
128 0.0461 1.7354 0.0008 2.1887

Table: Errors and convergence rates of the CO%-IP method with M = 1073, A =1,

= 2\/§7r/N' T =0.05/p.
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Numerical Experiment |: First Order Convergence

@ os6: “exact” solution

@ N indicates the number of sub-intervals per side of Q

N | |6 — onll2.n rate llo2s6 — w12 rate
8 6.1911 - 0.2625 -
16 1.9293 1.6045 0.0624 2.1039
32 0.5601 1.7221 0.0151 2.0685
64 0.1599 1.7516 0.0035 2.1336
128 0.0461 1.7354 0.0008 2.1887

Table: Errors and convergence rates of the CO%-IP method with M = 1073, A =1,

= 2\/§7r/N' T =0.05/p.
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Numerical Experiment |: First Order Convergence

@ os6: “exact” solution

@ N indicates the number of sub-intervals per side of Q

e T = O‘OS/N

N | |6 — onll2.n rate llo2s6 — w12 rate
8 6.1911 - 0.2625 -
16 1.9293 1.6045 0.0624 2.1039
32 0.5601 1.7221 0.0151 2.0685
64 0.1599 1.7516 0.0035 2.1336
128 0.0461 1.7354 0.0008 2.1887

Table: Errors and convergence rates of the CO%-IP method with M = 1073, A =1,

= 2\/§7r/N' T =0.05/p.
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Numerical Experiment Il: Energy Dissipation

Example

@o(x,y) = 0.3 cos (3x) + 0.5cos (y)

Q:=[0,10]?, T =5.

M =10"3, X\ =1, penalty parameter o = 8

vy

6 3 4 Q 2 2
Fo) = 2ol — 2 llolfe + 28+ LloVyl7. — 2 V|2 + 2af (¢, ¢).
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Numerical Experiment Il: Energy Dissipation

@o(x,y) = 0.3 cos (3x) + 0.5cos (y)

Q:=[0,10]?, T =5.

M =10"3, X\ =1, penalty parameter o = 8

6 3 4 Q 2 2
Fo) = 2ol — 2 llolfe + 28+ LloVyl7. — 2 V|2 + 2af (¢, ¢).

Track the scaled energy F(yp) — @ for time step sizes 7 = 0.5, 0.25, 0.0125,
and 0.0625.

07/18/23
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Numerical Experiment Il: Energy Dissipation

0.000 4

—0.002

—0.004

—0.006 4

Scaled Total Energy

—0.008 4

—0.010 4

—0.012 A

T T
10-t 1o°
log(Time)

819

Figure: The time evolution of the scaled total energy F(¢) — =4~ h = 10v2/12
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Numerical Experiment Ill: Microemulsions Simulation

Q=(-55)%T=0.17=11x10"* h=10v/2/128, M =10, A = 1072.

[
1.118e+00

56233

—-0.56233

W 1 \mc T H\CHHF

131e+00
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Evolution of the profile

Figure: Profiles at m = 0,1, 2 and 3.
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Evolution of the profile

Figure: Profiles at m = 4,11, 20 and 25.
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Evolution of the profile

Figure: Profiles at m = 37,74, 158 and 511.
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Evolution of the profile

Figure: Profiles at m = 37,74, 158 and 511.

o Different temporal scales capture different stages of phase-field evolution.
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Evolution of the profile

Figure: Profiles at m = 37,74, 158 and 511.

o Different temporal scales capture different stages of phase-field evolution.

@ Optimal time steps for each stage can differ by several orders of magnitude.
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Evolution of the profile

Figure: Profiles at m = 37,74, 158 and 511.

o Different temporal scales capture different stages of phase-field evolution.
@ Optimal time steps for each stage can differ by several orders of magnitude.

@ Time-step adaptivity is crucial for accuracy and efficiency of the numerical
scheme.
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Conclusions and Ongoing Work
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Conclusions and Ongoing Work

@ Numerical schemes using the C°-IP framework were presented for the
sixth-order phase field models.
Novel contribution: provide an error analysis of the CO-IP framework.
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Conclusions and Ongoing Work

@ Numerical schemes using the C°-IP framework were presented for the
sixth-order phase field models.
Novel contribution: provide an error analysis of the CO-IP framework.

@ Open challenge: Little is known a priori about the dynamics of the system
thus making the task of choosing optimal time step and mesh size
parameters difficult.
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Conclusions and Ongoing Work

@ Numerical schemes using the C°-IP framework were presented for the
sixth-order phase field models.
Novel contribution: provide an error analysis of the CO-IP framework.

@ Open challenge: Little is known a priori about the dynamics of the system
thus making the task of choosing optimal time step and mesh size
parameters difficult.

@ Focus: Derive a framework which automatically adapts the choice of the
method parameters in response to the change in the dynamics of the
problem.
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Conclusions and Ongoing Work

@ Numerical schemes using the C°-IP framework were presented for the
sixth-order phase field models.
Novel contribution: provide an error analysis of the CO-IP framework.

@ Open challenge: Little is known a priori about the dynamics of the system
thus making the task of choosing optimal time step and mesh size
parameters difficult.

@ Focus: Derive a framework which automatically adapts the choice of the
method parameters in response to the change in the dynamics of the
problem.

Thank you for your attention!
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Numerical Experiment: Discrete Mass Conservation

Initial Conditions:

Q=(-5,5)%T=0.1,7=11x10"* h=10v/2/128 M = 10,

A=10"1,10"2,10"3.

Mass Evolution

o
tl .118e+00
i 30.0

Initial Mass
— A=10"1, M=10
—-= A=107, Mm=10
—0.56233
- 29.5 A=107, M=10
- £ 29.0
0 2 I S D .
28.5
E
- 28.0
——-0.56233
27.5
0.00 0.02 0.04 0.06 0.08 010
-1.131e+0C Time
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Effect of the decreasing A

Theory suggests that increasing A guarantees the existence and stability of the
solution.

Figure: A =10"%,1072,1073

Q=(-55)2%T=01,7=11x10"*% h=10v2/128, M = 10,
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