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Motivation for an axisymmetric model
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Plasma torch Transformer axisymmetric model

® System and external action roughly axisymmetric
® Non-axisymmetric effects expected to be small
® Highly accurate solution is not a priority (UQ, sensitivity analysis, ...)

— Axisymmetric modeling and significant cut in the computational cost
[ ]
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Laplacian solver
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Problem description

u=u, on of)

{—Au:f in Q

Q: axisymmetric domain

u: unknown solution field

f: axisymmetric source term

up: axisymmetric boundary value
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Axisymmetric approximation spaces

Notations
Tr: mesh of Q2P
p € N*: order of the polynomial approximation

202D = 90 N Q2D

z
@_ _Q\ Triaelztspace
__/

ext
\4 V2P = {u, € C* (Q2D3R) ; vn), € Py, VK € Tp }
2D _
Q Sh M V= {Uh ec’ (BR); HU%D e V2P yp(r,0,2) = v,le(r, z), V(r, 0, z)}
y
,,,,, - T Test space
g , y
r 9 V@b = {vh € V2P; 4, =0 on 9020,
X 0 (6 2D 2D 2D
Vo= {vh eC (Q;R) y Jvp” e Vg op(r, 0, 2) = v (1, 2), Y(r, 6, z)}

Note: Vv, € Vo, vp = 0 on 092
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Axisymmetric weak formulation

Find uj, € V such that

-

QZD

/ Vuyp, - Vo, dV =/ fopdV, Yu, € Vp
Q Q

up = upp on 9N

upp: approximation of uy in V
o
e ~. Ad
7 N
r Find u%D € V2D such that
[
X 2D 2D 2D 2D 2D
v -V ds = ds, v Ve
/QQDT uj, vy, /QzDrfvh , Vv T € Vg
2D _ 2D 2D
VF axisymmetric, Up = Upp ON 6Qemt

2D . . : 2D
: t f 14
/ F(r,0,2)dV = 2‘”/ . rF(r, 2)dS Uy, ¢ approximation o Uy 2D in
Q Q
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Convergence test on manufactured solution

Manufactured solution: u(r, 8, z) = (r?(sin(27r) — 1) + 0.25) sin(272) + 1

Dirichlet
Dirichlet
” 1.256+00
= 12 =
= [ 1.15 g
> — 1.1 :_‘:
S ~1.05 3
"CI-.; z05 —1 > |
€ o4 —0.95 =
€ os o2 B
> = 0.85 1x1077 | p=1——0o0
o2 038 p=2 ——
o 7.50e-01 1 % 10—8 [ p= 3
-4
09701 0.2 0.3 04 05 1x 107 ‘ .
B - 0.01 0.1
" Dirichlet

ﬁINSTITUTE ECOS °



Addition of Neumann boundary conditions

—Au=f inQ
u=1u, on dy
Vu-n=g ondQ,
Q: axisymmetric domain
u: unknown solution field
f: axisymmetric source term

up: axisymmetric boundary value
g: axisymmetric boundary flux
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Axisymmetric approximation spaces

Notations
Tr: mesh of Q2P
p € N*: order of the polynomial approximation

02D = 90, N Q2D, 9020 = 9, N 2D

z
6— _Q\ Trial space
__/

% —
V2D = {'Uh cco (QQD;R) P n|, €Pp, VK € '771}
2D _
a Q V= {yh eco (BR); 2P € V2P; (1,0, 2) = vl (r, 2), V(r, 0, Z)}
N g Zb M
S +
;9‘ T T Test space
d N y
r VOQD =y € V2D, vp = 0 on 8Q§D
e | |
X Vo = {'Uh ccY (ﬁ; R) : EI@%LD c VO2D; vp(r,0,2) = fuiD(T, z), ¥(r,#0, z)}

Note: Vv, € Vo, vp, = 0 on 99y

ODEN INSTITUTE



Axisymmetric weak formulation

X

2D
‘Qd

VF axisymmetric,

Find u; € V such that

/ Vup - Vo dV :/ fopdV +/ gvdS, Yv, € Vy
Q Q Joou,

up = Upp ON OﬂiD

upp: approximation of uy in V.

Find u2P” € V2P such that

2D

2D 2D 2D ' 2D 2D 2D
/QQD rvuil . voiPas = /ﬂzD rfoiPds +/@Q%D rgv?Pdr, vl e Vg
up = ughD on 60(21]3

/ F(r,0,2)dS = 27\—/ - rF(r,z)dL ug,?: approximation of Uy 02D in V2P
Ay, 202,




Convergence test on manufactured solution

Manufactured solution: u(r, 8, z) = (r?(sin(27r) — 1) + 0.25) sin(272) + 1

Dirichlet
Neumann
. 1.25e+00
B
s . g
NG —11 =
C —1.05 E
D z0s 1 5 |
— 095
g 0.4 I 0o =
0.3 R
A 825 1x1077 ¢ p=1
02 7.506-01 p=2
o1 ' 1x1078 | p=3
00 0.1 0.2 03 04 05 1X10_9 ‘ p:4
1102 03 04 0. 0.01 0.1
" Dirichlet N
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Heat equation solver
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Problem description

Ou — V- (kVu) = f in Qx 10,7
u=0 ondQ x[0,T]

Uji—0 = Uo in Q

: axisymmetric domain
unknown solution field
diffusivity parameter

: axisymmetric source term

ug: axisymmetric initial condition
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Axisymmetric weak formulation

V = {'Uh ec (ﬁ; ]R) ; EI'U;%_D e v3P; vp(r,0,z) = ’UELD(’I‘, z), VY(r, 0, z)}
2D
ext

2D

4
v2D — {vh ccP (Q2D;R);vh|K € Pp, VK € T}, and vj, = 0 on 9Q

p € N*: order of the polynomial approximation, 7;,: mesh of Q2P

Find uj, € C([0, T]; V) such that

d
/ ﬂ(t)uhdv+/ _Vup (t) - Vg dV :/ F(vpdV, Vt € [0,T], Yop € V
Q dt Q Q
up (0) = ugp € V

< Find uiD e c'([o, T); V2P such that

du2D

h 2D 2D 2D _ 2D

/QZD (1) rdS+/Q2D wVu2P (1) - Vol rdS_/QZD F()v2P rds,
vt € [0,T], voiP e v2P

/ F(r,0,z)dV = 27r/ rF(r,z)dS
Q Q2D
i (0) = ugy, € V2P

VF axisymmetric,




Mesh size convergence test

Manufactured solution: u(r, 8, z) = ((r2(sin(27r) — 1) + 0.25) sin(27z) + 1)t

Dirichlet 1 ‘
Dirichlet - 01} ]
2.50e-01 g
2 [0.2
% 0.15
- — 0.1
= - 005
Z05 -0 >
I 005
€ -~ 0.1
€ 0.15
iy IE:O‘Q A1 x 1077 p=§
) b
-2.50e-01 ~—1 x 10—8 p= 3
=4
B 1x 107 ‘ P
0 010203 0405 0.01 0.1
" Dirichlet h

t=1 Backward Euler, At =0.01, T =1
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Time step convergence test

Manufactured solution: u(r,0,z) = 4 (1 - (&)2) z(1 — z) cos(2mt)

iri 0.1 :
Dirichlet Backward Euler ——
Dirichlet - SDIRK2 ——
9.976-01 g 00l 1
R%) [0.9 ]
x 0.8 =
g _ 07 I 0.001
5,05 A 2
w25 04 = 0.0001 L
E 0.4 _ 03 =
I : <
0.3 0.2 '/T\
a 0.1 A 1e05
02 2.38e-16 A
0.1
0 1le-06 .
0 0102030405 0.001 0.01
" Dirichlet At
t=1 h=005p=4T=1
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Axisymmetric versus 3D formulation I

Axisymmetric computation
Triangular mesh

— 8.05e-02
— 007
— 0.06
0.05
0.04
0.03
0.02
0.01
0.00e+00

 20000NNORININNNRD:

3D computation
Tetrahedral mesh (same h)

— 8.04e-02

—0.06

0.05
0.04
0.03
0.02
0.01
0.00e+00

0.025

0.02 |

0.015
0.01
0.005

0

-
axi

3D e

0.09
0.08

0.07 -
0.06 -
0.05 -

0.04

0.03 -

0.02

0.01




Axisymmetric versus 3D formulation II

1000
Number of dofs ——
Execution time ——

100 -

Ratio

A 1
10
10 100
1/h

Quasi-identical results but axisymmetric code much faster (speedup o 1/h) due to the use of a 2D mesh

instead of a 3D mesh
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Compressible flow solver
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Motivation: air flow in a plasma torch

Nozzle
Copper Inner Liner

Slots for Magnetic
Permeability

Induction Coil

Quartz Tube

Gas Injection
Slot
Cooling Water

Passages System roughly axisymmetric
Eﬂﬁse'fg for Gas injected tangentially

— Axisymmetric model taking
into account ug




Governing equations I

Compressible Navier-Stokes equations in cylindrical coordinates (r, 0, z) with % =0:

@ 1 orpur n dpuz

=0
ot r Or 0z
Oopur  Opurur 1 Opuruz  Op  Orrp 1 OTrz
ot + or + r (purur = pugug) + 8z or * or * r (er = 7o0) +
Opug  Opugu, 2 Opugu, OTer 2 079
ot + or + rpugur + 8z  Or + TTQT * 0z
Opu,  Opuzur 1 Opuzu, Op  OTzr 1 OTz2
ot + or + Tpuzur + 8z 9 0z + or + rTZT + 0z
OpE 1 orpEu, i OpEu, — — pgus + 1 or((—p + Trr)ur + Troug + Trzuz))
ot r Or 0z T or

0z r Or 0z

+ OTzrUy + TroUg + (—p + Tzz)uz 1 a”'QT %

p density, (ur,ug,u,) velocity components, p pressure, g gravity, [7] viscous stress tensor, (gr,0,q-) heat flux

2 . .
vector components, £ = e + ‘- total energy per unit mass (e internal energy)
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Governing equations II

Ideal gas equation of state: p = pRT, R specific gas constant, 7' temperature, h = e + % enthalpy per unit mass

e=cT, h = cpT, R=cp—co

¢y specific heat at constant volume, ¢, specific heat at constant pressure

Viscous stress tensor components:
2 1e] 0 0 0 1e]
iU 2 o & oz ) Tro =1 _ul + u‘g s Trz =1 ur + Lx ’
r or 0z or

e = 3 or r 0z
2n [ 2ur our ou, Oug 2n 28uz Uy our
T99g = — | — — — — — |, Tg, = N—0, Toz = — - — = ,
00 3 T or 0z 0= =1 0z == 3 0z r or
Tor = Tro, Tzr = Trz, T20 = Tz
Heat flux vector components:

oT oT
—A— qz = —A—
0z

qr = o
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Governing equations III

Viscosity law:

T n
77(T) = MNref (Tf)
re

Nres dynamic viscosity at a reference temperature T).. ¢, n constant coefficient

Thermal conductivity law:

A(T) = U(i)cp

P, Prandtl number, considered constant

Boundary conditions
® |sothermal wall: T'(t) = Ty, u(t) = uo
® Inlet: u(t) =uo, T(t) =To
e Qutlet: p(t) = po
® Axis: ur(t) =ug(t) =0
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Axisymmetric finite element spaces

Notations:
T;, mesh of Q2P with characteristic mesh size h
K cell of Ty,

z p € N* order of the polynomial approximation

/__\ Trial space for p and pE:
0 QZD 0

ext _
\ _/ V= {v ec (BR); F2P e V2P w(r,0,2) = v2P(r,2), V(r, 6‘,2)}
2D
Q M where
Z ey V2D — {v e o (QQD;]R) vy, € Py, VK € 7'h}
S0 L™ N Y Trial space for pu:
X

Test spaces for p, pu, pE:

VO,p, Vo, VO,pE
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Weak formulation

Find p € C1([0,¢¢]; V), pu € C1([0,¢¢]; V) and pE € C([0,t¢]; V) satisfying the boundary conditions such that

d
/ P ords = pu - VordS —/ vpu-nrdL, Yv € Vp,,
02D dt Q2D 992D,

/ d’l .vrdS :/ (pu®u): VvrdS — / (pu® u)-v)-nrdl
Q Q2D

r
2D dt

- /QZD [o] : VvrdS + /BQ2D ([o] - v) -nrdL

ext

—|—/ pg - vrdS, Yv € Vg
Q2D

dpE
/ Lvrds :/ pEu - VordS — vpEu - nrdL
Q2D dt Q2D 002D

ext

—/ ([e] - u—aq)- erdS-i—/ v([o] -u—q) - nrdL
Q2D Q2D

ext

+/ pu - gurdS, Yv € Vo g
Q2D
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Time integration

Matrix form of the weak formulation:

M%(t) — RU()), Vt € [0,t]
U©) =u°

M € RO"dos X5Ndof mass matrix (ngos number of degrees of freedom)
R nonlinear function of the dofs describing the flux terms and the gravity terms
UO € RO™dof dofs of the initial condition projected in V°

Several explicit methods possible for time integration: forward Euler or Runge-Kutta of
different orders
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Convergence test on a manufactured solution

p(r, z,t) = 1+ 50r2(0.5 — 7)2 sin(272) cos(2t)
ur(r, z,t) = r?sin(27r) sin(272) cos(27t) First order FE
ug(r, z,t) = 17 sin(27r) sin(27z) cos(27t) 274 order Runge-Kutta method
. - - _5
uz(r, z,t) = r2(cos(nr) sin(27z) cos(2mt) — 1) + 0.25 Fixed smaI_I time step 7 = 5x 10
Errors at final time ¢ty =1
T(r,z,t) = 1 4+ 12 cos(7r) sin(27z) cos(27t)

, Periodic BC h U= Ueellp2¢qy | COC
Isothermal wall

0.1 0.008600558

1.20e+00
[ e 0.05 | 0.0021620784 | 1.992

3 0.025 | 0.00054275361 | 1.994
: [}
04 oy © 0.0125 | 0.0001358782 | 1.998

Symmetry axis
N

© o o
— N w

= (p, pur, pug, puz, pE)

[0.85
8.04e-01
0

0 0.1 02030405

" Periodic BC

N INSTITUTE

29



Test: Poiseuille flow in a tube

p(r,z,t) = po

ur(r,z,t) = ug(r,z,t) =0 ] Inlet
ws(r2,t) = = 2LRG — ) 09 Isothermal wall
T(r,z,t) =To " 0.00e+00
0 ‘ % 0.1
+- +’I§"‘f§' > ~ .02
OB Ep e T 2 705 0.3 N
P01 e XX ©2Z0 — -0, N
-1 X x 1 S 04
n L X -
3 * . £
15 L n=005 X | < ['0'5
* an
9l x i -6.20e-01
%X n=0025
—92.5 Lye--¥| . \ 0
0 01 02 03 04 05 0 01020304 05

" Qutlet

1
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Test: Taylor-Couette flow

p(r, 2, t) = po

B
upr(r,z,t) =uz(r,z,t) =0, ug(r,z,t) = Ar + —
" i r A Q2R3 — Q1 R} . — Q2)R}R]

B2(r? — R}) + r?R? (A2(r2 - R}) + 4A4Blog (4-)) R3 - R} R3 — R}
T(r,z,t) =Ty + 1
2r2Ricy (v — 1) -
, Periodic BC
1 ‘ ‘ ] ! E o Isothermal wall
_ ,'* ! f—T) 1.00e+00
0.9 Qz—l __* B 0 | U © I:09
0.8 I K ] %1 5 30 o
) ¥ >1 8 0.6 !
. < 2 —0.7 2
0.7 + * B =] ®
.. [T | z05 —06 £
S 06 K € 04 05 B}
* Q=05 £ ‘
0.5 - N S| 03 04
X - X7 2 02
04 L *.' ><__x__.x - il 1 - 2.50e-01
0.3 ,§-:_x__.x--'x' Qs =0.25] ! 0';
0.2 A i et a e et sl e i s 0.5 0.6 07 08 09 1

08091
05 06 07 08 09 1 Periodic BC
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Air flow in a torch geometry: Setup

14.4 123.9 24.7 139.2 52.7
" 8
& I
3 & & g
gIe |~ [ u o)
i /—/J
‘ 2877 ‘ Top view of inlet
: . channels and exit
354.8 Unit: mm
angle

Inlets modeled by axisymmetric inlet preserving mass flow rate and tangential velocity
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Scalability

MPI proc. | Elapsed time (s) | Speed up | Scalability
1 6574.5672 1.0 1.0
36 237.12154 27.727 0.77
72 132.73101 49.533 0.688
108 88.398844 74.374 0.689
144 70.009964 93.909 0.652
180 58.943087 111.541 0.62
216 53.307597 123.333 0.571
252 52.826921 124.455 0.494
288 43.079631 152.614 0.53
324 41.369725 158.922 0.491
360 41.055994 160.137 0.445
396 37.644591 174.648 0.441

Mesh with 234187 nodes, 1170935 unknowns, 1000 iterations
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Air flow in a torch geometry: Simulation (uy)

Time: 0.000000

Azimuthal velocity (m/s)
00 10 20 30 40 50 60 70 87.3
— I \ | e —
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Air flow in a torch geometry: Simulation (u,)

Time: 0.000000

Axial velocity (m/s)
0.0 2e-3e-32-38-32-38-32-38-328-38 0.0
— L —
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Time-averaged fields in the torch geometry

12
‘ 5T
Uu.
10y, — Ay
L8t ou, £ o3l
g E ol
= 6 L ~—
2 o4l | £ 17
z=0.23m 2 ) 30
105 ~ < r 1 2 1t
8 < - 0 [\ | 9l
6 & e Y
Y 0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
0 0 .
_ 2 0 T
4 =
6 3 z=0.075 m Zz=10.23m

2=0.075m Flow localized close to the wall in the bottom compartment

Layers of upward / downward flow
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Comparison with experiments

Experiments: Dillon Ellender & Dan Fries, UT Austin
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Axial velocity (m/s)

vy [m/s]

vy [m/s]

=50 mm, horizontal velocity

—— Experiment
—— v34_mux1_t1p45

0 Y= 50 mm, vertical velocity

—— Experiment
—— v34_mux1_t1p45

=50 mm, azimuthal velocity

—— Experiment
—— v34_muxl_t1p45

—— Experiment
—— v34_muxl_t1p45

T, 2 s
E £
S 2 [l
-5
0
-10
" - s
5 10 15 2 25 3 5 10 15 20 25 3 5 10 15 20 25 3
x [mm] . X [mm] . x [mm] .
=70 mm, horizontal velocit; . y =70 mm, vertical velocity =70 mm, azimuthal velocity
—— Experiment 15 —— Experiment
6 —— v34_mux1_tlp45 —— v34_mux1_tlp45
10
4 5
g a
13
E, E o
B BN
-5
0
-10

X [mm]

5 10 15 20 25 30

5 10 15 20 25 3
x [mm]




Inflow at the outlet

Time: 0.000000 Time: 0.000000

Azimuthal velocity (m/s)
Axial velocity (m/s)

.(D A
POPOOPOPY
s

e l\llllll\-
55
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Outline

Conclusion
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Conclusion

Summary
® Implementation of axisymmetric solvers for the Laplaction problem, the heat equation and the
compressible Navier-Stokes equations
® Simple modifications are needed to change a 2D solver into a 2D axisymmetric solver:

— r factor
— Axis BC

® Solvers verified with manufactured and analytical solutions
® Simulation of a subsonic high-Reynolds air flow in a torch geometry

Perspectives

® Implementation of a stabilization method
® Improvement of the axisymmetric modeling of the inlets
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Thank you for your attention
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Air flow in a torch geometry: Simulation (u,)

Time: 0.000000

Radial velocity (m/s)
35 3 25 2 -15 -1 0500
— | \ \ D —
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