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Laser plasma modeling
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Two-temperature hydrodynamics

Two-temperature hydrodynamics I

inviscid compressible quasi-neutral fluid
Lagrangian formulation – curvilinear FE
mass, momentum and energy – density (ρ),
velocity (~u), temperatures (Te ,Ti)

∂ρ

∂t = −ρ∇ · ~u

ρ
∂~u
∂t = −∇(pi + pe)

ρ

(
∂εe
∂Te

)
ρ

∂Te
∂t = −pe∇ · ~u + ρ2

(
∂εe
∂ρ

)
Te

∇ · ~u + Gei (Ti − Te)

ρ

(
∂εi
∂Ti

)
ρ

∂Ti
∂t = −pi∇ · ~u + ρ2

(
∂εi
∂ρ

)
Ti

∇ · ~u + Gie(Te − Ti )

+EOS(pe , pi , εe , εi ) + collision frequency(Gei ,Gie)
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Two-temperature hydrodynamics

Two-temperature hydrodynamics II
high-order curvilinear finite element hydrodynamics1,2
• thermodynamic (T , ϕ) - L2-conforming, DG, positive
• kinematic (~x , ~u, ~ψ) - (H1)d -conforming

lowest order + mass lumping ⇒ compatible staggered hydrodynamics
strong mass conservation ρ = ρ0|J0| /|J |
conservative time integ.3 + SSI-like correction1 + semi-analytic relax.

dx
dt = u

M~u
du
dt = −(Fe + Fi ) · 1

MTe
dTe
dt = (FT

e + Ue) · u

MTi
dTi
dt = (FT

i + Ui ) · u

(M~u)ij =
∫

Ω
ρ~ψj · ~ψi dV

(MT )ij =
∫

Ω
ρcVϕjϕi dV

(Fe/i )ij =
∫

Ω
ρ(σe/i : ∇~ψj)ϕi dV

(Ue/i )ij =
∫

Ω
ρ2
(
∂εe/i
∂ρ

)
Te/i

∇ · ~ψjϕi dV

1Nikl, J., Kuchařík, M., Holec, M., & Weber, S. Europhysics Conference Abstracts, 42A, P1.2019 (2018).
2Dobrev, V., Kolev, T., & Rieben, R. SIAM, 34(5), B606-B641 (2012).
3Sandu, A., Tomov, V., Cervena, L., & Kolev, T. SIAM, 43(1), A221–A241 (2021).
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Laser absorption / X-ray amplification

Laser absorption / X-ray amplification
WKB absorption
(~n · ∇)Il = −αIl , α = 2k0Im n̂
(n̂ =

√
ε̂ – complex refr. index)

upwinded DG FEs
ray-tracing1
d
ds

(
n d~r

ds

)
= ∇n

inv. Bremsstrahlung + resonant
abs. + Fresnel + X-ray ampl.
high-order ↔ low-order-refined
wave-based absorption2
H ′+ ik0ε̂E = 0, E ′+ ik0H = 0
1D model – semi-anal + FEM
(rasteriazation for multi-D)

1Šach, M. Hydrodynamic simulations of X-ray generation and propagation in laser-produced plasmas. FNSPE CTU, 2021.
2Nikl, J., Kuchařík, M., Limpouch, J., Liska, R., & Weber, S. Adv Comput Math, 45(4), 1953–1976 (2019).
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Wave absorption on exp. profiles
1Šach, M. Hydrodynamic simulations of X-ray generation and propagation in laser-produced plasmas. FNSPE CTU, 2021.
2Nikl, J., Kuchařík, M., Limpouch, J., Liska, R., & Weber, S. Adv Comput Math, 45(4), 1953–1976 (2019).
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Resistive magneto-hydrodynamics

Resistive magneto-hydrodynamics I
ideal + resistive MHD
high-order curvilinear finite elements1
• magnetic (~B, ~Ξ) - Hdiv (3D/2D‖) / integral L2 (2D⊥/1D)

magnetic flux and energy conservation + divergence-free mag. field

ρ
d~u
dt = ∇ · (σ + σB) M~u

du
dt = −(F + FB) · 1

d~B
dt = −∇× ~E ′ dB

dt = 0

1
η
~E ′ = 1

µ0
∇× ~B

ρ
dε
dt = σ : ∇~u + η−1~E ′ · ~E ′ Mε

de
dt = FT · u + ec

B

ρ
dεB
dt = σB : ∇~u − 1

µ0
~B · ∇ × ~E ′ Mε

deB
dt = FT

B · u

1Nikl, J., Kuchařík, M., & Weber, S. JCP, Submitted (2021).
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Resistive magneto-hydrodynamics

Resistive magneto-hydrodynamics II

high-order curvilinear finite elements1
• electric (~E , ~ξ) - Hcurl (3D/2D‖) / H1 (2D⊥/1D)

magnetic flux and energy conservation + divergence-free mag. field
α = 0 – explicit / α = 1/2 – Crank-Nicolson / α = 1 – fully implicitM~E + α

∆t
1
µ0

D

En+1 = 1
µ0

C·jkBn
j 1k −

(1− α)
∆t

1
µ0

DEn

1
∆t Bn+1 = 1

∆t Bn − CDEn+α

Cijk =
∫

Ω
∇× ~ξi · ~Ξj ϕk dV Dij =

∫
Ω
∇× ~ξj · ∇ × ~ξi dV

(M~E )ij =
∫

Ω
η−1~ξj · ~ξi dV C · 1 = CT

DM~B, D = CT
DM~BCD

1Nikl, J., Kuchařík, M., & Weber, S. JCP, Submitted (2021).
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Resistive magneto-hydrodynamics

Resistive magneto-hydrodynamics II

high-order curvilinear finite elements1
• electric (~E , ~ξ) - Hcurl (3D/2D‖) / H1 (2D⊥/1D)

magnetic flux and energy conservation + divergence-free mag. field
α = 0 – explicit / α = 1/2 – Crank-Nicolson / α = 1 – fully implicit

MT
de
dt

∣∣∣∣
Joule

= + 1
µ0

Cij·En+α
i Bn+1/2

j + Sij·En+α
i Bn+1/2

j

MT
deB
dt

∣∣∣∣
Joule

= − 1
µ0

Cij·En+α
i Bn+1/2

j

Sijk =
∑

e

1
µ0

∫
Ωe

~ξi × ~Ξj · ∇ϕk dV S · 1 = O

1Nikl, J., Kuchařík, M., & Weber, S. JCP, Submitted (2021).
Jan Nikl (ELI, IPP, CTU) Laser Plasma Modeling with HO FE 8 / 13



Flux-limited heat diffusion

Flux-limited heat diffusion

κ ∼ Tα ⇒ nonlin. trans. T̄ = Tα+1, κ̄ = κ
α+1T−α, c̄V = cV

α+1T−α
flux limiters (iterative κ rescaling) - non-local transport?
dual (flux) formulation - energy conservation (+hybridization)
fluxes (~q, ~w) - Hdiv , jumps (λ, µ) - H−1/2 (Pn on edges for RT )

ρc̄V
dT̄
dt +∇ · ~qh = 0

~qh + κ̄∇T̄ = 0

MT̄
dT̄
dt +Dh qh = 0

DT
h T̄ −M~qhqh − Chλ = 0

−CT
h qh = 0

(MT̄ )ij =
∫

Ω
ρc̄Vϕjϕi dV (M~qh )ij =

∑
e

∫
Ωe
κ̄−1~wj · ~wi dV

(Dh)ij =
∑

e

∫
Ωe
∇ · ~wj ϕi dV (Ch)ij =

∑
e

∮
∂Ωe

µj ~wi · d~S

Jan Nikl (ELI, IPP, CTU) Laser Plasma Modeling with HO FE 9 / 13
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Non-local energy transport

Non-local energy transport

BGK model1: first-principle model, empirical col. operator, arb.
anisotropy, covers diffusion limit, local electric field

∂ fe
∂t +~ve · ∇~x fe + qe

me
E · ∇~v fe = ni

ne

dZ̄
dt fS + νei (fS − fe) + νσe (f̄e − fe)

intensity Ie =
∫ 1

2me |~v |5 fe d|~v |, p ∈ {e,R}, cR = c, ce = +∞

ρcVe
dTe
dt +

∫
4π

1
cp

dIp
dt +~n · ∇Ip dω = 0

1
cp

dIp
dt +~n · ∇Ip = κp(Sp − Ip) + σp (̄Ip − Ip)

linearisation of the source2 ⇒ implicit coupling Sp = Sp
ATe + Sp

b
hybridized DG in space + DG/H1 in angles (∼ discrete ordinates)

1Holec, M., Nikl, J., & Weber, S. PoP, 25(3), 032704 (2018).
2Holec, M., Limpouch, J., Liska, R., & Weber, S. Int. J. Numer. Meth. Fl., 83(10), 779–797 (2017).
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Vlasov–Fokker–Planck–Maxwell

Vlasov–Fokker–Planck–Maxwell
transient spectrally-resolved non-local transport + EM fields
Cartesian tensor expansion fe(~x , v ,~n, t) = f0(~x , v , t) + ~f1(~x , v , t) · ~n
diffusion limit ⇒ Braginskii resistive MHD

∂ f0
∂t +v

3∇ ·
~f1︸ ︷︷ ︸

flux. div.

− e
me

1
3v2

∂

∂v (v2~E · ~f1)︸ ︷︷ ︸
Joule heating

= ν̄ee
v2

∂

∂v ( C(f0)f0︸ ︷︷ ︸
dyn. friction

+ D(f0)∂ f0
∂v︸ ︷︷ ︸

diffusion

)

∂~f1
∂t +v∇f0︸ ︷︷ ︸

pot. grad.

− e
me

~E ∂ f0
∂v︸ ︷︷ ︸

el. field acceleration

− e
me

~B × ~f1︸ ︷︷ ︸
Hall term

= −νs~f1︸ ︷︷ ︸
scaterring

+Maxwell’s equations
high-order FEM in space (f0 ∈ L2(Ω), ~f1 ∈ (H1)3(Ω), ~E ∈ Hdiv (Ω),
~B ∈ Hcurl (Ω)) + staggered FD in velocities1
mass, charge, energy conservation + fully implicit
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1Nikl, J., Göthel, I., Kuchařík, M., Weber, S., & Bussmann, M. JCP, 434, 110214 (2021).
Jan Nikl (ELI, IPP, CTU) Laser Plasma Modeling with HO FE 11 / 13



Vlasov–Fokker–Planck–Maxwell

Vlasov–Fokker–Planck–Maxwell
transient spectrally-resolved non-local transport + EM fields
Cartesian tensor expansion fe(~x , v ,~n, t) = f0(~x , v , t) + ~f1(~x , v , t) · ~n
diffusion limit ⇒ Braginskii resistive MHD

∂ f0
∂t +v

3∇ ·
~f1︸ ︷︷ ︸

flux. div.

− e
me

1
3v2

∂

∂v (v2~E · ~f1)︸ ︷︷ ︸
Joule heating

= ν̄ee
v2

∂

∂v ( C(f0)f0︸ ︷︷ ︸
dyn. friction

+ D(f0)∂ f0
∂v︸ ︷︷ ︸

diffusion

)

∂~f1
∂t +v∇f0︸ ︷︷ ︸

pot. grad.

− e
me

~E ∂ f0
∂v︸ ︷︷ ︸

el. field acceleration

− e
me

~B × ~f1︸ ︷︷ ︸
Hall term

= −νs~f1︸ ︷︷ ︸
scaterring

+Maxwell’s equations
high-order FEM in space (f0 ∈ L2(Ω), ~f1 ∈ (H1)3(Ω), ~E ∈ Hdiv (Ω),
~B ∈ Hcurl (Ω)) + staggered FD in velocities1

mass, charge, energy conservation + fully implicit
1Nikl, J., Göthel, I., Kuchařík, M., Weber, S., & Bussmann, M. JCP, 434, 110214 (2021).
Jan Nikl (ELI, IPP, CTU) Laser Plasma Modeling with HO FE 11 / 13



Vlasov–Fokker–Planck–Maxwell

Vlasov–Fokker–Planck–Maxwell
transient spectrally-resolved non-local transport + EM fields
Cartesian tensor expansion fe(~x , v ,~n, t) = f0(~x , v , t) + ~f1(~x , v , t) · ~n
diffusion limit ⇒ Braginskii resistive MHD

∂ f0
∂t +v

3∇ ·
~f1︸ ︷︷ ︸

flux. div.

− e
me

1
3v2

∂

∂v (v2~E · ~f1)︸ ︷︷ ︸
Joule heating

= ν̄ee
v2

∂

∂v ( C(f0)f0︸ ︷︷ ︸
dyn. friction

+ D(f0)∂ f0
∂v︸ ︷︷ ︸

diffusion

)

∂~f1
∂t +v∇f0︸ ︷︷ ︸

pot. grad.

− e
me

~E ∂ f0
∂v︸ ︷︷ ︸

el. field acceleration

− e
me

~B × ~f1︸ ︷︷ ︸
Hall term

= −νs~f1︸ ︷︷ ︸
scaterring

+Maxwell’s equations
high-order FEM in space (f0 ∈ L2(Ω), ~f1 ∈ (H1)3(Ω), ~E ∈ Hdiv (Ω),
~B ∈ Hcurl (Ω)) + staggered FD in velocities1

mass, charge, energy conservation + fully implicit
1Nikl, J., Göthel, I., Kuchařík, M., Weber, S., & Bussmann, M. JCP, 434, 110214 (2021).
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Thank you for your attention
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