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What is reduced order model (ROM)?
Goal: accelerate physics simulation without losing much accuracy by exploiting data 
[data-driven] (and governing equations [physics-aware]).

high fidelity 
models /

experiments

collect & 
compress 

data 

low-dim
subspace

approximate 
solution

reduced-
order system

W3W2W1 = U

⌃ V T

�
wn

w̃n = �ŵ

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.
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MFEM examples (https://mfem.org/examples)
MFEM examples on libROM (https://www.librom.net/examples.html)

§ Example 1: Poisson equation

§ Example 2: Linear elasticity

§ Example 9: DG advection

§ Example 10: Nonlinear elasticity

§ Example 16: Nonlinear heat conduction

§ Example 18: DG Euler equation

§ Laghos: Lagrangian hydrodynamics

MFEM examples & miniapps
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§ GitHub page: https://github.com/LLNL/libROM
§ Webpage for libROM: www.librom.net

libROM: open-source C++ library for data-driven physical simulations

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

https://github.com/LLNL/libROM
http://www.librom.net/
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§ Snapshot matrix:  

§ Singular value decomposition: 

§ Best low-rank approximation: 

§ High energy dominant modes:                                                                                                  

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

(CAROM is the namespace of libROM)
Taking a MFEM Vector as snapshot
MFEM::Vector w;
CAROM::BasisGenerator generator;
generator.takeSample(w.GetData(), t, dt);

SVD: singular value decomposition
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§ Governing equation:                                  ,

§ Solution approximation:  

,                                         

§ Reduced system after Galerkin projection: 

§ Backward Euler time integrator:
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Hyper-reduction!

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

Converting basis to MFEM::DenseMartix
CAROM::Matrix* Phi;
MFEM::DenseMatrix *reducedBasisT = new 
DenseMatrix(Phi->getData(), ns, Ns);

POD: proper orthogonal decomposition
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§ Approximate nonlinear term:
,                              ,     

§ Interpolation at sampled rows with indices                                          :                                   

§ Replace nonlinear term:

§ Sample mesh: all the connected indices to the sampled rows

Offline stage: precompute Online stage: evaluate only sampled entries

ns  nf ⌧ Ns
<latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit><latexit sha1_base64="tUD4Q6JWieyRRGl3WNBbjLHTlbs=">AAACH3icbVDLSsNAFJ34rPFVdelmsAjioiRdqMuCm66kgn1AU8JketMOnUzSmYlQQv/Ejb/ixoUi4q5/47TNorYeGDiccy537gkSzpR2nKm1sbm1vbNb2LP3Dw6Pjosnp00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDO9nfusZpGKxeNLjBLoR6QsWMkq0kfzijRdAn4kMRulcuZ7YwlfY4zDCwg8N4fjBV7YHorcU8oslp+zMgdeJm5MSylH3iz9eL6ZpBEJTTpTquE6iuxmRmlEOE9tLFSSEDkkfOoYKEoHqZvP7JvjSKD0cxtI8ofFcXZ7ISKTUOApMMiJ6oFa9mfif10l1eNfNmEhSDYIuFoUpxzrGs7Jwj0mgmo8NIVQy81dMB0QSqk2ltinBXT15nTQrZdcpu4+VUrWW11FA5+gCXSEX3aIqqqE6aiCKXtAb+kCf1qv1bn1Z34vohpXPnKE/sKa/vvqiyA==</latexit>

�f 2 RNs⇥nf
<latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit><latexit sha1_base64="6g2R7szD+bLoo1g8UiHLZKcBbTg="></latexit>

!
<latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit><latexit sha1_base64="U8cQyjnSD4X7ZC306IS2iz1Z3d0=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXpRY8FLz1WsB/QhLLZTNulm924u1FK6K/w4l/x4kERr+LNf+M27aG2Phh4vDfDzLwwYVRp1/2xCmvrG5tbxW17Z3dv/6B0eNRSIpUEmkQwITshVsAoh6ammkEnkYDjkEE7HN1M/fYDSEUFv9PjBIIYDzjtU4K1kXqlSz+EAeUZ3Ke5cjGxfUkHQ42lFI+2Dzxa8HqlsltxczirxJuTMpqj0St9+5EgaQxcE4aV6npuooMMS00JA7MrVZBgMsID6BrKcQwqyPK3Js6ZUSKnL6Qprp1cXZzIcKzUOA5NZ4z1UC17U/E/r5vq/nWQUZ6kGjiZLeqnzNHCmWbkRFQC0WxsCCaSmlsdMsQSE22StE0I3vLLq6RVrXhuxbutlmv1eRxFdIJO0Tny0BWqoTpqoCYi6Am9oDf0bj1br9aH9TlrLVjzmWP0B9bXL3anoC4=</latexit>

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

Hyper-reduction: nonlinear model reduction

libROM class of sample mesh for MFEM
CAROM::SampleMeshManager
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§ Oblique projection operator:
§ Oblique projection error: 

§ Optimality of sampling indices:
§ True optimal set is not feasible: 

§ Greedy sampling for suboptimality:
§ Discrete Empirical Interpolation Method (DEIM1,2)
§ Gauss Newton Approximate Tensor (GNAT3)
§ S-OPT4

1. Chaturantabut and Sorensen. “Nonlinear model reduction via discrete empirical interpolation”. SISC 32 (2010), pp. 2737–2764.
2. Drmac and Gugercin. “A new selection operator for the discrete empirical interpolation method—improved a priori error bound and extensions”. 

SISC 38 (2016), A631–A648.
3. Carlberg, Bou-Mosleh, and Farhat. “Efficient non-linear model reduction via a least-squares Petrov-Galerkin projection and compressive tensor 

approximations”, IJNME 86 (2011), 155–181.
4. Lauzon, Cheung, Shin, Copeland, Huynh, and Choi. “S-OPT: A Points Selection Algorithm for Hyper-Reduction in Reduced Order Models”, arXiv

preprint arXiv:2203.16494.

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

Hyper-reduction: optimal sampling

libROM routines of precompute hyperreduction
CAROM::DEIM(Phi_f, ns, nf, …
CAROM::QDEIM(Phi_f, ns, nf, …
CAROM::GNAT(Phi_f, ns, nf, …
CAROM::S_OPT(Phi_f, ns, nf, …
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§ MFEM action on the basis:

§ Reduced quadrature rule: 

§ Empirical quadrature procedure (EQP): 

§ Optimization solved by non-negative least-squares (NNLS)
§ Applied to nonlinear heat conduction
§ Key idea: more quadrature points than constraints

§ NURBS patch quadrature (MFEM PR#3088 by Dylan Copeland)
Du and Yano. “Efficient hyperreduction of high-order discontinuous Galerkin methods: Element-wise and point-wise reduced quadrature 
formulations”. JCP 466 (2022), 111399.

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

Hyper-reduction: reduced quadrature rule
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MFEM examples (https://mfem.org/examples)
MFEM examples on libROM (https://www.librom.net/examples.html)

libROM examples of accelerating MFEM simulations by pROM
Example Rel. error Speed-up
Poisson problem 6.4e-4 7.5

Linear elasticity 8.1e-4 1.4e4

DG advection 1.2e-2 62.5

Nonlinear elasticity 6.6e-3 8.5

Nonlinear heat conduction 1.6e-3 24.5
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• POD reduced basis

• Solution representation

• Reduced mass matrices

Nonlinear pROM for Lagrangian hydrodynamics

• DEIM oblique projection • SNS source term basis

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

1. Dobrev, Kolev, and Rieben. “High-order curvilinear finite element methods for 
Lagrangian hydrodynamics”, SISC 34 (2012), B606–B641. Laghos miniapp
(https://github.com/CEED/Laghos)

2. Copeland, Cheung, Huynh, Choi, “Reduced order models for Lagrangian
hydrodynamics,” CMAME 388 (2022), 114259. ROM for pROM for Laghos miniapp
(https://github.com/CEED/Laghos/tree/rom)

https://github.com/CEED/Laghos
https://github.com/CEED/Laghos/tree/rom
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Relative error 
Position:  4.1e-6
Velocity: 2.1e-4
Energy  : 2.4e-5
Speedup: 25.9

Relative error 
Position:  5.3e-5
Velocity: 7.8e-3
Energy  : 2.4e-5
Speedup: 14.62

Relative error 
Position:  3.1e-5
Velocity : 8.1e-4
Energy  : 2.8e-4
Speedup: 87.8

Relative error 
Position:  1.8e-8
Velocity: 1.1e-6
Energy  : 1.0e-7
Speedup: 31.2

Relative error 
Position:  2.2e-5
Velocity: 2.2e-4
Energy  : 2.3e-4
Speedup: 22.8

Sedov blast
explosion

Taylor-Green
vortex

Rayleigh-Taylor
instability

Gresho
vortex

Triple-point
expansion

Nonlinear pROM for Lagrangian hydrodynamics

* Copeland, Cheung, Huynh, Choi, “Reduced order models for Lagrangian hydrodynamics." CMAME, 388, 110841, 2022.
* Cheung, Choi, Copeland, Huynh, “Local Lagrangian reduced-order modeling for the Rayleigh–Taylor instability by 
solution manifold decomposition.” JCP, 472, 111655, 2023.

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.
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103 104 105
100

101

Kinematic dofs: 594
Energy dofs: 256

Kinematic dofs: 33,410
Energy dofs: 16,384

Speed-up increases with problem size

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.
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§ Linear approximation of discrete dynamic system:  

§ Snapshot matrices:

§ Data compression by truncated SVD: 

§ Low-rank linear approximation: 

§ Dynamic modes: 

§ DMD prediction:                                                                                                            

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

DMD: Dynamic mode decomposition

Does not require invasive changes 
in the high-fidelity solver!
Applied to accelerate MFEM, 
Blast, ALE3D, HyPar, etc.

Some libROM routines of DMD for MFEM
MFEM::Vector w;
CAROM::DMD(Ns, dt);
dmd.takeSample(w.GetData(), t);
dmd.train(ef);
CAROM::Vector* result_u = dmd.predict(t);
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MFEM examples (https://mfem.org/examples)
MFEM examples on libROM (https://www.librom.net/examples.html)

libROM examples of accelerating MFEM simulations by DMD

Example Rel. error Speed-up
DG advection 1.9e-4 2.7e2

Nonlinear elasticity 1.4e-3 9.5

DG Euler equation 1.2e-4 4.0e3

Nonlinear heat conduction 7.0e-3 11.1
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§ Components of ROM
§ Compression operator, e.g. reduced basis 
§ Time-marching/prediction components, e.g. sampling matrix       in hyper-

reduction or eigenpairs                 in DMD.

§ Global ROM: identical ROM components for all 

§ Local ROM: ROM components depend on
§ Enhanced data compressibility!
§ Faster and more accurate prediction!
§ Higher generalization ability!
§ Localization approaches

§ Time/distance-windowing ROM for advective phenomena
§ Parametric interpolation

Local ROM v.s. Global ROM

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.
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<latexit sha1_base64="tfwgfyPYQiGS8bhYsh2zJAiXKE8=">AAAB9XicbVDLSgMxFL3js45Wqy7dBEvBVZkpil0WBHFZoS9ox5JJM21oJjMkGaUM/Q83LhTp1n/wE9z5N2baLrT1QOBwzr3ck+PHnCntON/WxubW9s5ubs/eP8gfHhWOT1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3md9+pFKxSDT0JKZeiIeCBYxgbaSHXoj1iGCeNqb9it0vFJ2yMwdaJ+6SFGv5z6R0a8/q/cJXbxCRJKRCE46V6rpOrL0US80Ip1O7lygaYzLGQ9o1VOCQKi+dp56iklEGKIikeUKjufp7I8WhUpPQN5NZSrXqZeJ/XjfRQdVLmYgTTQVZHAoSjnSEsgrQgElKNJ8YgolkJisiIywx0aaorAR39cvrpFUpu5flq3vTRhUWyMEZnMMFuHANNbiDOjSBgIRneIU368l6sd6t2WJ0w1runMIfWB8/epqUvA==</latexit>

TN

<latexit sha1_base64="OXS6ZU3EZE7yMwhynicWzOMoGDM=">AAACA3icbVDLSsNAFJ34rNFq1J1uBkvBVUlEscuCIK6kQl/QhjCZTtqhk0mYmQglBNz4K924UMStGz/BnX/jpC2irQcGzpxzL/fe48eMSmXbX8bK6tr6xmZhy9zeKe7uWfsHLRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o6vcb98TIWnEG2ocEzdEA04DipHSkmcd9UKkhhixtJF56c/nNstMzyrZFXsKuEycOSnVih9J+dqc1D3rs9ePcBISrjBDUnYdO1ZuioSimJHM7CWSxAiP0IB0NeUoJNJNpzdksKyVPgwioR9XcKr+7khRKOU49HVlvqRc9HLxP6+bqKDqppTHiSIczwYFCYMqgnkgsE8FwYqNNUFYUL0rxEMkEFY6tjwEZ/HkZdI6qzjnlYs7nUYVzFAAx+AEnAIHXIIauAF10AQYPIAJeAYvxqPxZLwab7PSFWPecwj+wHj/BgjXmqc=</latexit>

TN�1

<latexit sha1_base64="X13ymNra2+f5Tr/sUSetyeNspD4=">AAACBXicbVDLSsNAFJ3UV62vqOBGF4NFcGNJRLEboeDGlVToC9oQJtNJO3QyCTMToYRs3PgrblwoUnDlP7hz6Z84aYto64GBM+fcy733eBGjUlnWp5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wVXmN++IkDTkNTWMiBOgHqc+xUhpyTUPOgFSfYxYUkvd5Odzk57YacE1i1bJGgPOE3tKipW9r0v7bRRVXfOj0w1xHBCuMENStm0rUk6ChKKYkbTQiSWJEB6gHmlrylFApJOMr0jhkVa60A+FflzBsfq7I0GBlMPA05XZmnLWy8T/vHas/LKTUB7FinA8GeTHDKoQZpHALhUEKzbUBGFB9a4Q95FAWOngshDs2ZPnSeO0ZJ+Vzm91GmUwQR7sg0NwDGxwASrgGlRBHWBwDx7BM3gxHown49UYTUpzxrRnF/yB8f4NKSKb/g==</latexit>

T3

<latexit sha1_base64="n38XC4zqAmixxyX3gnVM5LGLn6U=">AAAB+XicbVDLSsNAFL2pr1qtRl26GSwFVyXxgV0WBHFZoS9oQ5hMJ+3QyYOZSaGE/IkbFxZx6x/4Ce78GydtF9p6YOBwzr3cM8eLOZPKsr6Nwtb2zu5ecb90cFg+OjZPTjsySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0603uc787pUKyKGypWUydAI9C5jOClZZc0xwEWI0J5mkrc9PrrOSaFatmLYA2ib0ilUb5M6k+lOZN1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYaJJLGmEzwiPY1DXFApZMukmeoqpUh8iOhX6jQQv29keJAylng6ck8p1z3cvE/r58ov+6kLIwTRUOyPOQnHKkI5TWgIROUKD7TBBPBdFZExlhgonRZeQn2+pc3SeeqZt/Ubp90G3VYogjncAGXYMMdNOARmtAGAlN4hleYG6nxYrwZ78vRgrHaOYM/MD5+AMHSlfo=</latexit>

T4

<latexit sha1_base64="lSg2POnBHqL87JP0zAoKcIzrZLE=">AAAB+XicbVDLSsNAFL2prxqtRl26CZaCq5JIxS4Lgris0Be0IUymk3boZBJmJoUS+iduXFjErX/gJ7jzb5y0XWjrgYHDOfdyz5wgYVQqx/k2Cju7e/sHxUPz6Lh0cmqdnXdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG0zuc787JULSmLfULCFehEachhQjpSXfsgYRUmOMWNaa+1ltbvpW2ak6S9jbxF2TcqP0mVYezEXTt74GwxinEeEKMyRl33US5WVIKIoZmZuDVJIE4Qkakb6mHEVEetky+dyuaGVoh7HQjyt7qf7eyFAk5SwK9GSeU256ufif109VWPcyypNUEY5Xh8KU2Sq28xrsIRUEKzbTBGFBdVYbj5FAWOmy8hLczS9vk85N1a1Vb590G3VYoQiXcAXX4MIdNOARmtAGDFN4hldYGJnxYrwZ76vRgrHeuYA/MD5+AMNYlfs=</latexit>

§ Offline phase
— Collect data
— Classify data
— Compress data

§ Online phase
— Assign local ROM
— Form low-order system
— Solve inexpensive ROM 

solution

Time windowing ROM Distance windowing ROM

Time/distance windowing ROM for Lagrangian hydrodynamics

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.
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<latexit sha1_base64="XKeGDl+v/fRpuFyyMWNN6Oe9hCY=">AAACFnicbVDLSsNAFJ34rPUVdekmWAQRLElB7LKgC5cV7APaUCaTm3boZBJnJkIJ/Qo3/oobF4q4FXf+jZM0i9p6YOBwzr137j1ezKhUtv1jrKyurW9slrbK2zu7e/vmwWFbRokg0CIRi0TXwxIY5dBSVDHoxgJw6DHoeOPrzO88gpA04vdqEoMb4iGnASVYaWlgXvQ9GFKewkOSK+fTcj/EakQwS280B+7PeQOzYlftHNYycQpSQQWaA/O770ckCYErwrCUPceOlZtioShhoOcnEmJMxngIPU05DkG6aX7W1DrVim8FkdCPKytX5ztSHEo5CT1dma0sF71M/M/rJSqouynlcaKAk9lHQcIsFVlZRpZPBRDFJppgIqje1SIjLDBROsmyDsFZPHmZtGtV57Jq39UqjXoRRwkdoxN0hhx0hRroFjVRCxH0hF7QG3o3no1X48P4nJWuGEXPEfoD4+sXIhuf7w==</latexit>

D

Parametric interpolation

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

libROM class of parametric interpolation
CAROM::MatrixInterpolator
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• Watch this YouTube video (less than 10 minutes) : https://youtu.be/A5JlIXRHxrI

Physics-informed greedy sampling

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

libROM class of greedy sampling
CAROM::GreedySampler

https://youtu.be/A5JlIXRHxrI
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<latexit sha1_base64="k3HvlnJbAHbFhJojnHhQcb4hH3M=">AAACAnicbVDLSgNBEOz1GeNr1ZN4GQxCAiHshqBehIAXjxHMA5IlzE5mkyGzD2ZmxWUJXvwVLx4U8epXePNvnCR70MSChqKqm+4uN+JMKsv6NlZW19Y3NnNb+e2d3b198+CwJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Hrqt++pkCwM7lQSUcfHw4B5jGClpb55XBRl8lAmSQldoaJVsctZlfpmwapYM6BlYmekABkaffOrNwhJ7NNAEY6l7NpWpJwUC8UIp5N8L5Y0wmSMh7SraYB9Kp109sIEnWllgLxQ6AoUmqm/J1LsS5n4ru70sRrJRW8q/ud1Y+VdOikLoljRgMwXeTFHKkTTPNCACUoUTzTBRDB9KyIjLDBROrW8DsFefHmZtKoV+7xSu60V6tUsjhycwCkUwYYLqMMNNKAJBB7hGV7hzXgyXox342PeumJkM0fwB8bnD/qbk0M=</latexit>

(r, cx, cy) = (0.1, 0.1, 0.1)
<latexit sha1_base64="aEF47iV4+0Kz73Xiq/2BQK9JaCI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQQUJS6mNZcOOygn1AG8pkOmmHTibpzKRQQr/DjQtF3Pox7vwbp20W2nrgwuGce7n3Hj/mTGnH+bZyG5tb2zv53cLe/sHhUfH4pKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Q/91sTKhWLxJOextQL8UCwgBGsjeSVHdu9Wtb1Za9YcmxnAbRO3IyUIEO9V/zq9iOShFRowrFSHdeJtZdiqRnhdFboJorGmIzwgHYMFTikyksXR8/QhVH6KIikKaHRQv09keJQqWnom84Q66Fa9ebif14n0cGdlzIRJ5oKslwUJBzpCM0TQH0mKdF8aggmkplbERliiYk2ORVMCO7qy+ukWbHdG7v6WC3VKlkceTiDcyiDC7dQgweoQwMIjOEZXuHNmlgv1rv1sWzNWdnMKfyB9fkDiF2PTw==</latexit>

(0.1, 0.1, 0.5)
<latexit sha1_base64="fITWf3xU/1FLoy0WPm5YAgdjEqc=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQQUJS6mNZcOOygn1AG8pkOmmHTibpzKRQQr/DjQtF3Pox7vwbp20W2nrgwuGce7n3Hj/mTGnH+bZyG5tb2zv53cLe/sHhUfH4pKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Q/91sTKhWLxJOextQL8UCwgBGsjeSVHdu9cuxrU+5lr1hybGcBtE7cjJQgQ71X/Or2I5KEVGjCsVId14m1l2KpGeF0VugmisaYjPCAdgwVOKTKSxdHz9CFUfooiKQpodFC/T2R4lCpaeibzhDroVr15uJ/XifRwZ2XMhEnmgqyXBQkHOkIzRNAfSYp0XxqCCaSmVsRGWKJiTY5FUwI7urL66RZsd0bu/pYLdUqWRx5OINzKIMLt1CDB6hDAwiM4Rle4c2aWC/Wu/WxbM1Z2cwp/IH1+QOIbY9P</latexit>

(0.1, 0.5, 0.1)
<latexit sha1_base64="wzKHwrBuM7Br1O6cKk/+tQO7Fe0=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBEqSEhKfSwLblxWsA9oQ5lMJ+3QySTOTAol9DvcuFDErR/jzr9x0mahrQcuHM65l3vv8WPOlHacb2ttfWNza7uwU9zd2z84LB0dt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+8yvz2hUrFIPOppTL0QDwULGMHaSF7Fsd1Lx77K6qJfKju2MwdaJW5OypCj0S999QYRSUIqNOFYqa7rxNpLsdSMcDor9hJFY0zGeEi7hgocUuWl86Nn6NwoAxRE0pTQaK7+nkhxqNQ09E1niPVILXuZ+J/XTXRw66VMxImmgiwWBQlHOkJZAmjAJCWaTw3BRDJzKyIjLDHRJqeiCcFdfnmVtKq2e23XHmrlejWPowCncAYVcOEG6nAPDWgCgSd4hld4sybWi/VufSxa16x85gT+wPr8AY6Bj1M=</latexit>

(0.1, 0.5, 0.5)
<latexit sha1_base64="R3CSSARtVgOHRr3dCl3lkcPQPMs=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBEqSEhKfSwLblxWsA9oQ5lMJ+3QySTOTAol9DvcuFDErR/jzr9x0mahrQcuHM65l3vv8WPOlHacb2ttfWNza7uwU9zd2z84LB0dt1SUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+8yvz2hUrFIPOppTL0QDwULGMHaSF7Fsa8uHdvN6qJfKju2MwdaJW5OypCj0S999QYRSUIqNOFYqa7rxNpLsdSMcDor9hJFY0zGeEi7hgocUuWl86Nn6NwoAxRE0pTQaK7+nkhxqNQ09E1niPVILXuZ+J/XTXRw66VMxImmgiwWBQlHOkJZAmjAJCWaTw3BRDJzKyIjLDHRJqeiCcFdfnmVtKq2e23XHmrlejWPowCncAYVcOEG6nAPDWgCgSd4hld4sybWi/VufSxa16x85gT+wPr8AYh9j08=</latexit>

(0.5, 0.1, 0.1)

<latexit sha1_base64="jhDc7j2h3h7NyQrLYCqTBIHxpQ4=">AAAB9XicbVDLSgMxFL1TX7U+WnXpJliECjLMlPpYFty4rGAf0I4lk2ba0ExmSDJKGfofblwo4tZ/ceffmLaz0NYDNxzOuZd7c/yYM6Ud59vKra1vbG7ltws7u3v7xdLBYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqVQsEvd6ElMvxEPBAkawNtJDxbGrF+fmMVU765fKju3MgVaJm5EyZGj0S1+9QUSSkApNOFaq6zqx9lIsNSOcTgu9RNEYkzEe0q6hAodUeen86ik6NcoABZE0JTSaq78nUhwqNQl90xliPVLL3kz8z+smOrj2UibiRFNBFouChCMdoVkEaMAkJZpPDMFEMnMrIiMsMdEmqIIJwV3+8ippVW330q7d1cr1ahZHHo7hBCrgwhXU4RYa0AQCEp7hFd6sJ+vFerc+Fq05K5s5gj+wPn8AAeKPjw==</latexit>

(0.25, 0.2, 0.4)

DMD rel. error 6.9e-3 4.1e-3 1.3e-2 8.4e-3 7.9e-3 9.6e-3

<latexit sha1_base64="9n1xsIatP2wA3245VAenFJ7aCio=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgoQkFPVY8OKxgv2ANpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhY3Nre6e4W9rbPzg8Kh+ftFScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjO/mfntCpWKxeNTThPoRHgoWMoK1kfyqY3tXjl0z5V32yxXHdhZA68TNSQVyNPrlr94gJmlEhSYcK9V1nUT7GZaaEU5npV6qaILJGA9p11CBI6r8bHH0DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7ndVMd3voZE0mqqSDLRWHKkY7RPAE0YJISzaeGYCKZuRWREZaYaJNTyYTgrr68Tlqe7V7btYdape7lcRThDM6hCi7cQB3uoQFNIPAEz/AKb9bEerHerY9la8HKZ07hD6zPH4n2j1A=</latexit>

(0.2, 0.4, 0.2)
<latexit sha1_base64="kljiHEcfPXgDD0W5vtdVVRXal8g=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgoSkFvVY8OKxgv2ANpTNdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3cxubW9k5+t7C3f3B4VDw+aaookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93P/daESsUi8aSnMfVCPBAsYARrI3llx76+yuqyVyw5trMAWiduRkqQod4rfnX7EUlCKjThWKmO68TaS7HUjHA6K3QTRWNMRnhAO4YKHFLlpYujZ+jCKH0URNKU0Gih/p5IcajUNPRNZ4j1UK16c/E/r5Po4M5LmYgTTQVZLgoSjnSE5gmgPpOUaD41BBPJzK2IDLHERJucCiYEd/XlddKs2O6NXX2slmqVLI48nME5lMGFW6jBA9ShAQTG8Ayv8GZNrBfr3fpYtuasbOYU/sD6/AGLf49R</latexit>

(0.3, 0.3, 0.3)
<latexit sha1_base64="y5oVOUz7ofZIgibDJ4tkyLfmlqY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgoSkFvVY8OKxgv2ANpTNdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3cxubW9k5+t7C3f3B4VDw+aaookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93P/daESsUi8aSnMfVCPBAsYARrI3llx76+cuyqqcplr1hybGcBtE7cjJQgQ71X/Or2I5KEVGjCsVId14m1l2KpGeF0VugmisaYjPCAdgwVOKTKSxdHz9CFUfooiKQpodFC/T2R4lCpaeibzhDroVr15uJ/XifRwZ2XMhEnmgqyXBQkHOkIzRNAfSYp0XxqCCaSmVsRGWKJiTY5FUwI7urL66RZsd0bu/pYLdUqWRx5OINzKIMLt1CDB6hDAwiM4Rle4c2aWC/Wu/WxbM1Z2cwp/IH1+QOLg49R</latexit>

(0.3, 0.4, 0.2)
<latexit sha1_base64="ZM1QCCBaJcVX5lr4svB/O83z/xI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgoSkFvVY8OKxgv2ANpTNdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3cxubW9k5+t7C3f3B4VDw+aaookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93P/daESsUi8aSnMfVCPBAsYARrI3llx65cOfa1qeplr1hybGcBtE7cjJQgQ71X/Or2I5KEVGjCsVId14m1l2KpGeF0VugmisaYjPCAdgwVOKTKSxdHz9CFUfooiKQpodFC/T2R4lCpaeibzhDroVr15uJ/XifRwZ2XMhEnmgqyXBQkHOkIzRNAfSYp0XxqCCaSmVsRGWKJiTY5FUwI7urL66RZsd0bu/pYLdUqWRx5OINzKIMLt1CDB6hDAwiM4Rle4c2aWC/Wu/WxbM1Z2cwp/IH1+QOLd49R</latexit>

(0.2, 0.3, 0.4)
<latexit sha1_base64="KpBzkiPw5NpsiX6UG25F278+VlE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgoSkFvVY8OKxgv2ANpTNdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3cxubW9k5+t7C3f3B4VDw+aaookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93P/daESsUi8aSnMfVCPBAsYARrI3llx65eOXbF1PVlr1hybGcBtE7cjJQgQ71X/Or2I5KEVGjCsVId14m1l2KpGeF0VugmisaYjPCAdgwVOKTKSxdHz9CFUfooiKQpodFC/T2R4lCpaeibzhDroVr15uJ/XifRwZ2XMhEnmgqyXBQkHOkIzRNAfSYp0XxqCCaSmVsRGWKJiTY5FUwI7urL66RZsd0bu/pYLdUqWRx5OINzKIMLt1CDB6hDAwiM4Rle4c2aWC/Wu/WxbM1Z2cwp/IH1+QOLg49R</latexit>

(0.4, 0.2, 0.3)

Training
initial 
conditions

Testing 
points

Huhn, Tano, Ragusa, Choi, “Parametric Dynamic Mode Decomposition for Reduced Order Modeling.” arXiv:2204.12006, 2022.

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

pDMD: Parametric Dynamic Mode Decomposition

libROM routine for parametric DMD
CAROM::getParametricDMD
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Target temperature DMD temperature
generated by 

Differential 
evolution

<latexit sha1_base64="OUooGqjFcgmUpN4mIVH5pPjt8EU=">AAACAnicbVDLSgNBEOz1GeNr1ZN4GQxCAiHshqBehIAXjxHMA5IlzE5mkyGzD2ZmxWUJXvwVLx4U8epXePNvnCR70MSChqKqm+4uN+JMKsv6NlZW19Y3NnNb+e2d3b198+CwJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Hrqt++pkCwM7lQSUcfHw4B5jGClpb55XBRl8lAmSQldoaJVqZazKvXNglWxZkDLxM5IATI0+uZXbxCS2KeBIhxL2bWtSDkpFooRTif5XixphMkYD2lX0wD7VDrp7IUJOtPKAHmh0BUoNFN/T6TYlzLxXd3pYzWSi95U/M/rxsq7dFIWRLGiAZkv8mKOVIimeaABE5QonmiCiWD6VkRGWGCidGp5HYK9+PIyaVUr9nmldlsr1KtZHDk4gVMogg0XUIcbaEATCDzCM7zCm/FkvBjvxse8dcXIZo7gD4zPH/82k0Y=</latexit>

(r, cx, cy) = (0.2, 0.2, 0.2)
<latexit sha1_base64="ke8pcdrp0XGDOfVWqQA2bZAcAV4=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vQQglJqa0boeDGZQX7gDaUyXTSDp08mJmIIXTvxl9x40IRt/6AO//GSZqFth4Y7uGce7lzjx0wKqRhfGu5jc2t7Z38bmFv/+DwqHh80hN+yDHpYp/5fGAjQRj1SFdSycgg4AS5NiN9e36d+P17wgX1vTsZBcRy0dSjDsVIKmlcLFV4DT/UcFSFV7Bi6HXDaNaS0mqlpX5RHRfLhm6kgOvEzEgZZOiMi1+jiY9Dl3gSMyTE0DQCacWIS4oZWRRGoSABwnM0JUNFPeQSYcXpLQt4rpQJdHyunidhqv6eiJErROTaqtNFciZWvUT8zxuG0rm0YuoFoSQeXi5yQgalD5Ng4IRygiWLFEGYU/VXiGeIIyxVfAUVgrl68jrp1XWzqTduG+V2PYsjD85ACVSACVqgDW5AB3QBBo/gGbyCN+1Je9HetY9la07LZk7BH2ifP0EllWs=</latexit>

(r, cx, cy) = (0.2006, 0.2077, 0.2025)

<latexit sha1_base64="yFuMDOpcOTnRIoNc6t78Jmq9ApA="></latexit>

minimize
r,cx,cy

kTtarget � TDMDk22

2.3% relative difference!

<latexit sha1_base64="Ptg08ykbGB9HeA0dY3EbxVArJms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFaKCGpsXUjFNy4rGAf0IYymU7aoZMHMxMxhO7d+CtuXCji1h9w5984bbPQ1gPDPZxzL3fucSNGhTTNb21tfWNzazu3k9/d2z841I+O2yKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjTq5nfueecEHD4E4mEXF8NAqoRzGSShrohRKv4IcKTsrwCpZMwzIvziuq2JatSrVu18oDvWga5hxwlVgZKYIMzYH+1R+GOPZJIDFDQvQsM5JOirikmJFpvh8LEiE8QSPSUzRAPhFOOr9lCs+UMoReyNULJJyrvydS5AuR+K7q9JEci2VvJv7n9WLpXTopDaJYkgAvFnkxgzKEs2DgkHKCJUsUQZhT9VeIx4gjLFV8eRWCtXzyKmlXDatm2Ld2sVHN4siBU1AAJWCBOmiAG9AELYDBI3gGr+BNe9JetHftY9G6pmUzJ+APtM8fSLOVcA==</latexit>

(r, cx, cy) = (0.1053, 0.1414, 0.2746)

<latexit sha1_base64="VPgXgMzPMNqW19UzAq4vl9KtJzs=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQQglJLa0boeDGZQX7gDaUyXTSDp08mJmIIXTvxl9x40IRt/6AO//GSZuFth4Y7uGce7lzjxMyKqRpfmu5jc2t7Z38bmFv/+DwSD8+6Yog4ph0cMAC3neQIIz6pCOpZKQfcoI8h5GeM7tO/d494YIG/p2MQ2J7aOJTl2IklTTSi2VexQ9VHFfgFSybhmU2LqppaZppqVn1ykgvmYa5AFwnVkZKIEN7pH8NxwGOPOJLzJAQA8sMpZ0gLilmZF4YRoKECM/QhAwU9ZFHhJ0sbpnDc6WMoRtw9XwJF+rviQR5QsSeozo9JKdi1UvF/7xBJN1LO6F+GEni4+UiN2JQBjANBo4pJ1iyWBGEOVV/hXiKOMJSxVdQIVirJ6+Tbs2wGkb9tl5q1bI48uAMFEEZWKAJWuAGtEEHYPAInsEreNOetBftXftYtua0bOYU/IH2+QM2ZpVk</latexit>

(r, cx, cy) = (0.1063, 0.1070, 0.1214)

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

Accelerating multi-query application: differential evolution + pDMD

libROM class of differential evolution
CAROM::DifferentialEvolution
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§ GitHub page: https://github.com/LLNL/libROM
§ Webpage for libROM: www.librom.net

Questions?

S. W. Cheung (cheung26@llnl.gov). MFEM & libROM.

https://github.com/LLNL/libROM
http://www.librom.net/
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