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Interior Penalty DG (IPDG)
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• 𝜎 = −1, 𝜅 > 𝜅+ > 0 symmetric interior penalty method (SIPDG).
• GPU implementation of the volume term (𝑐&∇𝑢, ∇𝑣) already exists in MFEM. 

Interior penalty terms 7,7  are new!

Goal: accelerate on GPU using sum 
factorization for tensor product elements.



Benchmark Example:

• average wall time of 𝑨𝑢.
• 3D mesh with ~300k elements.
• Second order (𝑃 = 2) and fourth order 
𝑃 = 4 .

• Full Assembly vs. Partial Assembly.
• CPU: Intel Xeon Platinum 8260
• GPU: Nvidia V100



Speed-Up



Partial Assembly vs. Full Assembly
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Sum Factorization

• Sum factorization:
𝐵 𝑢, 𝑣 ↔ 𝑨𝑢 = 𝐴! ⊗ 𝐼 ⊗ 𝐼 + 𝐼 ⊗ 𝐴" ⊗ 𝐼 + 𝐼 ⊗ 𝐼 ⊗ 𝐴# 𝑢.

𝑨𝑢 $%& = ∑'()* 𝐴$'! 𝑢'&% + 𝐴%'
" 𝑢$'& + 𝐴&'# 𝑢$%' .

• 𝑂 𝑃+, → 𝑂 𝑃,-)  operations.
• Same complexity as finite differences!

• 𝑂 𝑃+, → 𝑂(𝑃,) memory.
• Faster setup.



WaveHoltz
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Here,
𝑢// = ∇ ⋅ 𝑐&∇𝑢 − 𝑓 𝑥 cos 𝜔𝑡 .
𝑢 𝑥, 0 = 8𝑢 𝑥 , 𝑢/ 𝑥, 0 = 0.

• Fixed point 8𝑢 = Π8𝑢 iff ∇ ⋅ 𝑐&∇8𝑢 + 𝜔& 8𝑢 = 𝑓.
• Equivalent linear system:

𝐼 − 𝑆 8𝑢 = 𝜋+, 	𝑆	 8𝑢 = Π8𝑢 − 𝜋+, 𝜋+ = Π0.
• After discretization 𝐼 − 𝑆 is symmetric positive definite à Solve with conjugate 

gradient.


