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Classical solid mechanics(CSM) MFEM Community Workshop
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Classical solid mechanics(since 1820s, Cauchy) + Numerical solution techniques(since 1940s) — Great Success

Formulation Source
Equilibrium equation V.o + b =pa Newton’s second law
Constitutive law o = f (g, state variables) Emprical scaling law

Geometric equation Continuity requirements

1
= (VU + 7uT + ..)

Boundary conditions U=0U, oon=t Operation conditions

However, many problems unresolved

Strain/stress singularity around crack tip  Size effect of stress/strain concentration  Size effect of constitutive parameters

Mode | l 35

Mode I S 0] Measu red
£ .
£ os5f

predlcted

0 7 14
1 Hole radius(mm)
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High order deformation theories MFEM Community Workshop
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A
— ... Y
Strain Gradient (Plasticity) Theory Ug(g) = 5 €ii€jj T HE
- e . : Ay 2 4 2 4
[ Mindlin, 1964; Aifantis, 1984; Hutchinson, 1993 ] + E (ll gii,kgjj,k + l2 gii,klgjj,kl) + ,ll(ll gij,kz + lz gij,klz)’
Nqnlocal Continuum Theory oy (;}') = fk(|f — E"){ASM(E’)SU‘FZ“SU (f)} dv’
[ Eringen, 1972; Engelen, 2003 ] ot
Achievements
:H‘G 0 Removal of strain/stress singularity
o o = O' _— 2 == . .
Mircomorphic Theory Y f J Interpretation of size effect
[ Forest, 2009 ] n 2
H=1- ch Removal of mesh-sensitivity

Many other theories
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Problems of high order deformation theories MFEM Community Workshop
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1. Sources of the high order terms
2. Definition and characterization of the length scale parameters

3. a posteriori determination of hardening or softening

g 1+ I4A if softening
+ 1— A else

4. Boundary conditions containing high order terms

6 _ C _ qp
Hoy;=05;=>0;=Ha

f SW dV = f fiou; dV + f tiou; +rmou;; +|S;nnou;  dS
0 ) a0
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Origin of deficiency of CSM MFEM Community Workshop
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Real material: multiscaled and inhomogeneous

Conventional deformations

\L Error appears at this stage
Modeled material: ideal continuum modeled material U = z
PSS S SR 3 ¢ T \\— 512,1 — T 521,1 —
i o(x,) (o)., = Jogy @ real material
<U($))QRVE = [ ] RVE fQRVde
I . o(x.) : representative physical quantities at the RVE barycenter I R
l T—’xlﬂ €21,12
High order deformations

Structural deformation
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The homogenization error theory [ Zhang, Wang, 20221 .

« Within RVE (small but finite in size), average behavior+ behavior of representative point

« Source of higher order terms: homogenization error == [(p),,,, — P (&)

« Homogenization error can be effectively alleviated or removed by including high order gradients

Eg. a scalar field U

h
_ 1 (((2 _ 1., h2 ht h*
UE(U)QRVE=ﬁjjjh<U+ V- x+5(V U:g):§+...)dx1dx2dx3=U+ — AU + A2U +
2

24 1920 2880 U HkLlieD) -

with h: RVE size

The only scale parameter h has a clear physical meaning

Zhang C.Y., Wang B.: Influence of nonlinear spatial distribution of stress and strain on solving problems of solid
mechanics,Appl. Math. Mech. -Engl. Ed., 43(9), 1355-1366 (2022)
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Homogenized strain energy density MFEM Community Workshop
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Homogenized strain energy density:

nonlinear strain distribution within RVE yields the average strain energy density,

— A A [ h? h*/ 1 1 1
U(e) = S5 Eugjjt peij® 5 E( £ii€jj ek + Eii i) + T (m Eiiek€jju T oo EiikiEjjkl meii,kkgjj,kk)

n hz( 2 4 )+h4 1 41 1
P\ 5 \Eijk™ T &ij€ijkk) T 7\ Taq Eijkk€iju T 5 Eijki€ijrt — 75, €ijkkEijkk

« Homogenized strain energy density = conventional strain energy density + higher order strain energy density

« Higher order strain energy density

Positive or negative cross-terms &;;&;;xx, €ij€ijkk

Uh>OOT'Uh<O

local hardening or softening v
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Computation of structural deformation MFEM Community Workshop
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Total potential energy functional:
Je(w)= JoU(e) + Un(g)dV = Jyu- fodV — [y u-tdsS

Minimization by variation

fQ5(U(§)+Uh(§))

ou

dv = J,fp-oudv + [, t- suds

Do NOT perform integration by parts: no higher order terms in boundary conditions
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Treament of second order gradient of strain MFEM Community Workshop
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. . 4 3 - » /4
Challenge for numerical solution: +Z(;(&Fsu) (wsy +%((v2vst_¢):(vzvsy) )
1. Evaluation of high order gradients
= s T
2. High order finite element —5(‘"23 Va (VEE Va ))

: . h? - g
Alternatives: +H ZVSE'VSEH—(VSE AV, v+ V¥ -AV,u +2VV, u WSE)
1. Define strain as supplementary variable By L

. .. +—(—av5u-avsv +—VV, w: V2V v
2. Solve displacement and strain simultaneously INT2 =7 =" 36 =~ ="
3. Order of gradient no more than 2 _%(Evsgvd);(ﬁ‘vsg v, ) dv—f v - de—f v tdS=0
= = = 0 T an
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Augmented Lagrangian Method MFEM Community Workshop
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The constraint: € = V,u

%]

Jam(W & 2) = jQU(é)+Uh(é)dV—fﬂﬂ'&dV—jaﬂz-zdS

r
+J A- (vsﬂ_f)dv-l'j _(Vsﬂ_f) ' (Vsﬂ_f)dv
1) — 0N 2\= — [ Fortin, Glowinski, Mercier, 1983 ]

A: Lagrangian multiplier r: penalty parameter

Solution procedure

(67 am(u, & ) _

du 0 Kuu Kus Kul uy B
5 ) Discretization P —uw UMF (linear solver) post—processing — U
< JALIV[S(‘EEE —) =0 y Kgu Kss Kg/l <£_N> = < 0 ,2’54 ’U, Uh,Th
8JALM(E'§' 4) — 0 K/lu KEA 0 A_N 0
\ 64

Cao Yuheng, Zhang Chunyu, Wang Biao. A New High-order Deformation Theory and Solution Procedure Based
on Homogenized Strain Energy Density, Internaltional journal of engineering science, accepted, 2023.
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The solver
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« ccFEM: curvature-corrected FEM
« Developed with the framework of MFEM
« Methods supplemented/redefined

Supplemented methods

fe fixed order CalcPhysHessian and CalcPhylLaplacian for
Linear2DFiniteElement, Linear3DFiniteElement and
Trilinear3DFiniteElemen

fe base default CalcPhysHessian and CalcPhysLaplacian in
fe_base are suitable only for NUBRS elements.
CalcPhysHessian and CalcPhysLaplacian are

redefined for other types of elements

ALMeElasticitylnte
grator

Multiple BilinearFormintegrator are definded for
Kuw Kuey Ky Kees Kep- -

26/10/2023
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H1 2-order finite element space

1 for shape functions, every integral point x%

¥

shape functions and its high order terms
@(xP), dxp(x'P), O (P
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App 1: Hardening of
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micro-cantilever beam bending

Experimental observation: H! — E*1 — Hardening

Mesh and boundary conditions of the model

Zhang Chunyu

> <

single crystal Cu: E = 112.8 GPa, v

0343 h = 1.4um
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App 1: Predicted results by ccFEM MFEM Community Workshop
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6 220
ccFEM result ' I ‘«
- \ : —&— F FEM 1
/l/ 200 F ® * cc result
or = H=2pm ‘\ E* empirical fitting result
—e— H=4um 1 I \ ® E* experiment data
A H=8um u 180 | — — E classical
1 L "
~ -/ \\\
=] [ | =160 !
= 3 | /,/ E*:LBZ g‘f
— /-/ Uy maxH & \\
> ’ > L L
= “.)' ) 140 S, ®
2r - o® I '*\4‘9\
e ® 120 | o
w ,.‘./. _____________ o ——a g |
¢ *® ®
1F 4./ '.
- oo ' aaa 100 -
r ;2 : AAA
senils ':'g*x’h# AAAAA AAAAAA
0 L . L . L 30 N R T T RN S SR S
0 20 40 60 80 100 0 2 4 6 8 10 12 14 16
L (vm Height H (um)
Variation of bending displacement Variation of Young's modulus with
along the length of the beam for beam thickness
different beam thicknesses (experimental data from [ Choi, 2022 1)
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App 1: Analysis from the energy perspective MFEM Community Workshop
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Strain energy density and higher order strain energy density distribution predicted by ccFEM

Non-uniform distribution of strain along x axis Tas H |

H=4 um H=4 um
strain enengy 0 . i enengy 2 _
O0e+00 007 002 ©OO3 004 005 006 OOF Q08 O Lle01 73804 0001 0002 0.003 0.004 0.005 0.005 74603
; ) 4 b — ¢ : C ete—
Total Deformation Strain Energy Density (MPa) High Order Deformation Strain Energy Density (MPa)

H=2 um
y
4 hEn aneegy O - 2 y strain energy 3
v sinain ecvergy 2 . ”
DOes00 002 004 006 00 01 012 014 01 018 02 02 024 27000 Ale0s 0005 a0 oms o s 00 0038 4260 A 79e02 0 01 02 OIJ Dld ‘345 UIO 0\7 08 09  1.0e+00
X % L — T | | | | —
Yz Total Deformation Strain Energy Density (MPa) High Order Deformation Strain Energy Density (MPa; e r, Fraction of Strain Energy for Higher Order Deformation

H |l — influence of Uj, on the overall deformation T — hardening of the whole structure
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App 2: Hole size-dependence of MFEM Community Workshop

stress/strain concentration of perforated plates October 26, 2023
Classical solution in textbook: Experimental observation: al — Kl
K = 0-_1242 — i =3
% 2 Measurment of strain by Digital Image Correlation

Mesh and boundary conditions for the model: (DIC) technology

0.0060

0.00589

0.00518

0.00448

0.00377

0.00306

| 000236

0.00165

b x

Polymethyl methacrylate (PMMA):
E =3.35GPa, v = 0.35 h = 0.85mm Two types of defects:
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App 2: Hole Size'depe“de“ce of MFEM Community Workshop \."g
stress/strain concentration of perforated plates October 26, 2023

ABAQUS

0.01146 0.0004092

0.01109

0.01071 0.0003782

0.01034

0.0100 0.0003473

0.00959
0.0003163
0.00921

0.00884
0.0002853

0.00846

0.01805

0.006175

0.0002393
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App 2: Predicted results by ccFEM

3.0
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Normalized maximum principal stress
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Size of circular holes (mm)

X
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3.0
(b) .
25+
20+
1.5+
m Measured
1.0k Normalized maximum principal stress

0.0

05 10 15 20 25
Size of rounded square holes(mm)

Sang Mengsha, Zhang Chunyu, Cao Yuheng, Wang Biao. Experimental and Theoretical Evaluation of Influence of Hole size on
Deformation and Fracture of Elastic Perforated Plate, Mechanics of Materials, 2023, accepted
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App 2: Analysis from the energy perspective

MFEM Community Workshop
October 26, 2023

U(g)+Un(e)

IVL a = 2.5 mm, Total Deformation Strain
x Energy Density (10* Pa)

y a = 0.2 mm, Total Deformation Strain
2. x Energy Density (10* Pa)

523

393.6

264.3

5.657

144.4

127.8

1114

94.48

77.84

¥

.

X

a = 2.5 mm, High Order Deformation
Strain Energy Density (10* Pa)

a = 0.2 mm, High Order Deformation
Strain Energy Density (10% Pa)

34.03

25.52

17.02

8.508

8.364e-05

22.62

ey

11.31

5.655

1.144e-09

Higher fraction of material around the hole
deforms when the hole gets smaller

Higher fraction of higher order strain energy
contributes to the total strain energy density
Singularity dissappears around crack tip
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App 3: Softening in indentation test MFEM Community Workshop
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Experimental observation: Mesh (L=10a) and boundary conditions
indentation depth (contact radius) T = E |,

Softening "

For metals: Geometrically Necessary Dislocation

For elastic material (rubber, ceramic): ? N

Equivalent contact pressure p(x)— indentation
depth §;, predicted by ccFEM — Modulus E ‘ : T, fix uy = 0

NBR: E =10.5MPa,v = 0.44, h = 0.8 mm

Zhang Chunyu 26/10/2023



App 3: Predicted resulits MFEM Community Workshop
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5.184e-05 8.132e-05

L —=— ccFEM prediction £ =
L - — - classical value _'!_: 3 -4.053-05 = BONREEY
1.3 HH i
[T
A h T -
5 i - -0.0001329 -0.001779
m T
LY
1.0 =
-0.0002253 0.002709
0.9
08 1 1 1 1
0. 008 0.012 0.016 0. 020
a/h - 3 ¥ =
i a=8pm 0.0003176 E a=18 um S——
Variation of the indentation modulus of the Higher-order deformation strain energy density distribution of samples at different contact radius (J/m3)

sample with contact radius

U, < 0 in indented zone, contact radius T — local softening effect T — overall softening effect T = E |

« An in-depth analysis relies on contact modeling and stability analysis
« To do next (a good solution: Tribol)

IFCEN Zhang Chunyu 26/10/2023



Conclusions and perspectives
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Development and implementation of Homogenized Energy theory :

characterization of constitutive behavior
origin of high depending on geometry structure and
order terms loading distribution Uy <0 W, <0—-UTe W, T— uT— Softening

Up,>0 W, >0—>Ule W, l— ul— Hardening

Homogenization Error Average strain energy density Total potential energy Weak form

Verification & Validation ccFEM

» Homogenized Energy theory solves the common problems faced by higher-order

deformation theories
» Homogenized Energy theory yields quantitative analysis and reasonable explanation for
several typical problems

» FEM within ALM framework is ideal for solving high-order equations

Znang Chunyuy 25110720723
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1. More V&V work for classical problems such as Eshelby inclusion and deformation

around the crack tip
2. Combination of phase field fracture theory to achieve accurate prediction of brittle

fracture (in progress)
3. Based on the principle of minimum potential energy and maximum dissipation

criterion to solve elasto-plastic problems
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Thanks

Collaboration and discussion are welcome
(zhangchy5@mail.sysu.edu.cn)




